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The goal of the present thesis is twofold; we show the two conjectures
concerning the arithmetic of elliptic curves: the Stein–Watkins conjecture
(for 5-isogenies) and the Gross–Zagier conjecture.
Essentially, Stein–Watkins conjecture tells us about the relations of opti-
mal curves in given rational isogeny class of elliptic curves. In this thesis we
show the two optimal curves differ by a 5-isogeny if and only if the isogeny
class is ‘11a’.
TheGross–Zagier conjecture provides a theoretical evidence to the strong
formofBirch andSwinnerton-Dyer conjecture.We showwhen elliptic curves
have particular types of rational torsion subgroups, the order of the torsion
subgroup divides certain arithmetic invariants attached to the curve.
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“Charm was a scheme for
making strangers like and trust
a person immediately, no matter
what the charmer had in mind.”
Kurt Vonnegut,
Breakfast of Champions
Since the beginning of the history of mathematics, Diophantine equations,
i.e. systems of polynomial equations with integer or rational coefficients in
one or several unknownvariables, is at the centre ofmathematicians’ interest.
Diophantine problems ask to seek solutions to such Diophantine equations,
in any available methods known.
One natural way to study Diophantine equations makes use of algebraic
geometry. Because algebraic geometry is the algebraic study of geometric
properties of loci defined by polynomial equations and so provides plenty of
methodologies to Diophantine problems. This interestingmixture of geome-
try and arithmetic have grown exponentially, especially after Grothendieck’s
revolution, and at last it coined the words “arithmetic geometry” and “Dio-
phantine geometry” having similar meanings: utilizing algebraic geometry
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to study the arithmetic of Diophantine equations. Let us give an example
showing how geometry prevails in the realm of Diophantine equations.
Since there are a vast amount of Diophantine equations to study, math-
ematicians have been seeking some taxonomy of the equations. For Dio-
phantine equations defining projective curves, we indeed have one; it is an
invariant called genus of the curve, which is a non-negative integer g. When
g  1, the curve is essentially a projective line P1, thus the rational points can
be sought easily. Meanwhile when g ≥ 2, Faltings’ amazing theorem says
that there are finitely many rational points. For the remaining bounded case,
when g  1, the curve is one of the most beautiful object in mathematics, the
elliptic curves or its twists.
The arithmetic of elliptic curves is the subject of this thesis.Wewill see lots
of interesting properties of elliptic curves on algebro-geometric, algebraic,
and analytic sides of view. After developing enough terminologies, notions
and concepts in chapter I, we directly dive into two interesting conjectures
in the arithmetic of elliptic curves.
The first conjecture we deal with is called Stein–Watkins conjecture,
which tells us about the relations between optimal curves. There are two
kinds of optimal curves in any isogeny class of elliptic curves. The first one,
the X0(N)-optimal curve is classical, and it is also called the strong Weil
curve. The existence of this curve is due to modularity theorem, whose proof
was located at the peak of human study on number theory in the 20th cen-
tury. The second kind is the X1(N)-optimal curve, and conjecturally this
has some intrinsic characterisation. We hope the discovery of the relations
between these two optimal curves will provide lots of theoretical and com-
putational applications. We prove the 5-isogeny case of the Stein–Watkins
conjecture in this thesis, remaining others to future research.
The second isGross–Zagier conjecture,whichgives a theoretical evidence
to Birch and Swinnerton-Dyer conjecture, which we dare to call the most
important conjecture in the arithmetic of elliptic curves. Besides such effects
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of the result, the process of proof also gives lots of inspirations to study
further. There are plenty of topics and questions related to the Gross–Zagier
conjecture remained unanswered; we hope to go further in this direction in
the future.
Notations and conventions
Let K be a field. We denote the algebraic (resp. separable) closure of K by
K (resp. Ksep). So in particular for perfect fields, K  Ksep. We let GK 
Gal(K/K) be the absolute Galois group over K. As usual, when M is a GK-
module, the Galois cohomology groups Hq (GK ,M) are often abbreviated to
Hq (K,M).
By a variety X we mean an integral separated scheme of finite type over
a field K. Usually when thinking of varieties, it is identified with the set
of closed points of the variety, i.e., the elements of the set X(K) by Null-
stellensatz (cf. [Mum], §II.4). A curve is an algebraic variety of dimension
1.
All theorems, propositions in this thesis are numbered as cc.nn where
cc is the number of the chapter at which the item is located, and nn is the
number of the item.
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Chapter 2
Elliptic curves
“He who has not first laid his
foundations may be able with
great ability to lay them
afterwards, but they will be laid
with trouble to the architect and
danger to the building.”
Niccolò Machiavelli,
The Prince
In this chapter we introduce basic notions concerning the arithmetic of
elliptic curves. Of course, none of the materials in this chapter is original.
These are well treated in numerous literature, including texts of Silverman
([Sil97], [Sil94] and [Sil09]), Milne ([Mil06]), or Knapp ([Kna]). Proofs of the
theoremswill be only given in some simple or ‘too-important-to-be-ignored’
cases; otherwisewe give precise references at which the proofs can be found.
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2.1 Fundamentals on elliptic curves
Definition. An elliptic curve E over a perfect field K (e.g. number fields, local
fields arising from completions of number fields, or finite fields) is a smooth
projective curve of genus 1 defined over K, with a specified rational point
O ∈ E(K).
Finding rational points of E (elements in E(K)  EGK ) is a Diophan-
tine problem; we can embed E as a smooth cubic curve in P2 given by the
following homogeneous equation
Y2Z + a1XYZ + a3YZ2  X3 + a2X2Z + a4XZ2 + a6Z3, (2.1)
where a1, · · · , a6 ∈ K, and ∆ , 0 (see below for the precise definition of ∆).
Equation (2.1) is called the Weierstrass equation. For convenience, we de-
homogenise the equation (2.1) by setting x  X/Z and y  Y/Z, and call the
resulting equation
y2 + a1x y + a3 y  x3 + a2x2 + a4x + a6, (2.2)
the (affine) Weierstrass equation.
When aWeierstrass equation is given, we define the following quantities.
• b2  a21 + 4a2,
• b4  2a4 + a1a3,
• b6  a23 + 4a6,





• c4  b22 − 24b4,
• c6  −b22 + 36b2b4 − 216b6,




6 + 9b2b4b6 (the discriminant of the equation (2.1)),
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• j  c34/∆ (called the j-invariant),
• ω  dx/
(




3x2 + 2a2x + a4 − a1 y
)
(the invariant
differential associated to the equation (2.1)).
The equation (2.1) has a trivial K-point [0, 1, 0], which is the only point
in the intersection of the locus the equation (2.1) defines and the locus of
the equation Z  0. Classically, this point is called the point at infinity, and
corresponds to the point O ∈ E(K) in the definition of elliptic curves. In
particular, when we are given an affine Weierstrass equation (2.2), the point
[0, 1, 0] can be written as∞ ∈ E(K).
Two distinct Weierstrass equations can define the same elliptic curve.
Given an affineWeierstrass equation (2.2), the only change of variables fixing
the point at infinity [0, 1, 0] and preserving the Weierstrass form is
x  u2x′ + r, y  u3 y′ + u2sx′ + t ,
where u , r, s , t ∈ K and u , 0. We will frequently make use of such changes
in order to work with more convenient form. Throughout, we refer this
change of variables as “the change of variables via [u , r, s , t]”. After such
a change, Weierstrass coefficients and important constants are changed as
summarised in Table 2.1.
The most important feature on the arithmetic of elliptic curves is that
the points of an elliptic curve form an abelian group. This group structure
comes from the divisor group of the elliptic curve as an algebraic curve.
Let C/K be an algebraic curve defined over K. We denote by Div(C)
(resp. Div0(C)) the (Weil) divisor group of C, i.e. the free abelian group gen-
erated by points of C (resp. the group of divisors of degree 0). Also, Pic(C)
(resp. Pic0(C)) is the quotient group ofDiv(C) (resp.Div0(C)) modulo linear
equivalence relation. The group structure of an elliptic curve E is defined in
terms of these groups.
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a′1  u




a2 − sa1 + 3r − s2
)
a′3  u









a6 + ra4 + r2a2 + r3 − ta3 − t2 − rta1
)
b′2  u























Table 2.1: Change of variables formula, copied from the Table 3.1 in [Sil09].
Theorem 2.1 (Proposition III.3.4 in [Sil09]). Let E be an elliptic curve over K.
Then there is a bĳection
κ : E
∼
−→ Pic0(E), P 7−→
(
divisor class of (P) − (O)
)
preserving the action of GK . Therefore, we can import the group structure from
Pic0(E) to E.
This group structure on E coincides with the classical one from chord-
tangent group law (cf. Theorem III.3.6 in [Sil09]). This group structure is
defined over K, i.e., an elliptic curve together with the group structure is an
algebraic group over K.
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2.2 Isogenies, endomorphism rings and twists
An isogeny is a non-constant morphism (as algebraic curves) φ : E −→ E′
between two elliptic curves E and E′ which is also a group homomorphism.
In fact, isogenies can be defined by much weaker condition.
Theorem 2.2. Let φ : E d E′ be a non-constant rational map between elliptic
curves such that φ(O)  O. Then φ is an isogeny.
Proof. A rational map between smooth projective curves is a morphism,
see Proposition III.2.1 in [Sil09]. See Theorem III.4.8 op. cit. for the group
homomorphism property. 
The degree of an isogeny φ is the degree as a finite map of curves, or
equivalently, the degree is the degree of extension of function fields of two
curves. (Two function fields are related via the pullback map defined by φ.)
Conventionally, the constant map sending all the points of E to O is set to
have degree 0.
Example 2.3. Let E be an elliptic curve defined over K. For each integer m,




P + · · · + P (m summands) if m > 0,
O if m  0,
(−P) + · · · + (−P) (−m summands) if m < 0.
When m , 0, the multiplication-by-m maps are isogenies of degree m2. We
write
E[m]  ker[m]  {P ∈ E : [m](P)  O} .
This is a finite subgroup of E. Note that the maps [m] for each m ∈ Z are
also defined over K. In particular, this means the subgroup E[m] is invariant
under the action of GK , i.e., E[m] is a finite Galois module over K.
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If there is an isogeny φ : E −→ E′, then we say E and E′ are isogenous.
This is an equivalence relation: when φ is given, we can find the dual isogeny
φ′ : E′ −→ E satisfying φ′ ◦ φ  [m] and φ ◦ φ′  [m], where m is the degree
of φ. Dual isogenies have the following properties:
φ′′  φ, (φ + ψ)′  φ′ + ψ′, (φ ◦ ψ)′  ψ′ ◦ φ′, [m]′  [m].
A (rational) isogeny class C is an equivalence class of isogenous curves over
Q.
As usual, two elliptic curves E/K and E′/K are said to be isomorphic over
K if there are isogenies φ : E −→ E′ and ψ : E′ −→ E defined over K such
that φ ◦ ψ and ψ ◦ φ are identity maps. As every isogeny has its dual, two
curves are isomorphic if and only if they are isogenous via an isogeny of
degree 1.
Here, the reference to the field K is crucial: two curves E and E′ may not
isomorphic over a field K but become isomorphic over some extension field
of K. In this case, we say E′ is a twist of E (or vice versa). This can be studied
via Galois cohomology. Suppose that an (geometric or algebraic) object X
is given and is defined over a field K, and let L be a finite Galois extension
of K. Then the K-isomorphism classes of objects defined over K which are
L-isomorphic to X are in one-to-one correspondance to the elements of
the cohomology group H1(Gal(L/K),Aut(X/L)), where Aut(X/L) is the
group of L-automorphisms of X/L. This is a typical situation, and for more
informationswe refer to texts onGalois cohomology, e.g. chapterX in [Ser79].
In order to classify twists of given elliptic curve E, we have to find the
automorphism group Aut(E). First, we consider the endomorphism rings.
Theorem 2.4. Let E be an elliptic curve over a field K.
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an order in an imaginary quadratic field,
a maximal order in a quaternion algebra over Q.
The third possibility only occurs when char(K) > 0.
(ii) Assume char(K)  0. Then the automorphism group of E is one of the




µ2 if j , 0, 1728,
µ4 if j  1728,
µ6 if j  0.
Proof. Theorem III.9.3 and Corollary III.10.2 in [Sil09]. 
Thus, in particular, when E is defined over Q and j , 0, 1728, then by
Kummer theory we have
H1(Q,Aut(E))  H1(Q, µ2)  Q×/Q×2,
and thus each representative d ∈ Q× modulo Q×2 define a twist of E, called
the quadratic twist Ed of E. When E is given by the Weierstrass equation1
y2  x3 + a2x2 + a4x + a6,
the curve Ed is given by
dy2  x3 + a2x2 + a4x + a6,
1When char(K) , 2, every Weierstrass equation defining E can be transformed into this
form, cf. Remark below Theorem 2.7.
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or equivalently,
y2  x3 + da2x2 + d2a4x + d3a6.
When E has endomorphism ring strictly larger than Z, we say E has
complex multiplication (CM for short). Elliptic curves with CM has many ap-
plications on classical and modern branches in number theory. For detailed
expositions on CM elliptic curves, we refer to chapter II of [Sil94] and Serre’s
short treatise [Ser67].
2.3 Torsion points




E[m]  {P ∈ E : [m]P  O for some m ≥ 1} .
At least as an abstract group, the structure of the torsiongroup iswell-known.
Theorem 2.5. Let E/K be an elliptic curve.
(i) If char(K)  p ≥ 0 with p , m, then as abstract groups,
E[m]  Z/mZ ⊕ Z/mZ.






Proof. Corollary III.6.4 in [Sil09]. 
When char(K)  p , 0, the triviality of the group E[pr] is independent
of r. We say E is ordinary at p (or p is an ordinary prime of E) if E[pr]  Z/prZ
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for some r ≥ 1 (hence for all r ≥ 1), and E is supersingular at p (or p is a
supersingular prime of E) otherwise.
The torsion subgroup ismore than just anabstract group; it has a structure
of GK-module. As GK acts on each groups E[m] continuously, we have a
continuous Galois representation
ρm : GK −→ Aut(E[m]) ≈ GL2(Z/mZ).
It is often convenient to consider all torsion groups E[`r] at once for a
fixed prime `. As the family (E[`r])r≥0 forms a projective system via homo-




ThisGaloismodule is called the `-adic Tatemodule attached toE. If char(K) , `,
then T`E ≈ Z` ⊕ Z` as abstract groups. Furthermore, we let
V`E : T`E ⊗ Q ≈ Q` ⊕ Q` .
The resulting Galois representations
ρ` : GK −→ Aut(T`E) ≈ GL2(Z`), or
ρ` : GK −→ Aut(V`E) ≈ GL2(Q`)
are called the `-adic Galois representation attached to E. The following theorem
is important for further investigation of this representation.
Theorem2.6. The determinantdet ρ` of the representation ρ` is equal to the `-adic
cyclotomic character χ` , which is the character GK −→ Aut(Z`)  Gm (Z`) ≈ Z×`
defined by σ 7−→ (ar )r≥1 with σ(ζ`r )  ζar`r for ar ∈ (Z/`
rZ)×, where (ζ`r ) is a
system of `-th power roots of unity chosen compatibly.
TheK-rational torsion subgroupofE/K is the subgroupofEtors consisting
of K-rational elements, i.e., elements fixed by the action of GK . we denote this
subgroup by E(K)tors. At least when K  Q, finding the points in E(Q)tors is
relatively easy, provided the following theorem.
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Theorem 2.7 (Lutz–Nagell). Let E/Q be an elliptic curve defined by Weierstrass
equation
y2  x3 + Ax + B, A, B ∈ Z. (2.3)
If P ∈ E(Q) is a nontrivial torsion point, then its x- and y- coordinates x(P) and
y(P) are integers. Furthermore, we have either [2]P  O or else y(P)2 divides
4A3 + 27B2.
Proof. Corollary VIII.7.2 in [Sil09]. 
Remark. If char K , 2, 3, then all elliptic curvesE overK hasWeierstrass equa-
tion of the form in Equation (2.3). More precicely, given general Weierstrass
equation (2.2), via change of variables





(y − a1x − a3)
)









we get another Weierstrass equation of the form
y2  x3 − 27c4x − 54c6.
Classifying all rational torsion subgroup E(Q)tors for elliptic curves E/Q
was an interesting problem. The following was a conjecture of Ogg, and
proved by Mazur in 1970’s.
Theorem 2.8 ([Maz78], Theorem 2). Let E/Q be an elliptic curve. Then the
rational torsion subgroup E(Q)tors is isomorphic to one of the following 15 groups:
Z/mZ 1 ≤ m ≤ 10, or m  12,
Z/2Z ⊕ Z/2νZ 1 ≤ ν ≤ 4.
Moreover, given a group G which is one of the Mazur’s 15 groups, we
can parametrise the equations of the elliptic curves over Q having rational
torsion subgroup G. This is one of the starting point of our research on
Gross–Zagier theorem (see chapter 4). We refer to Table 3 in [Kub].
Other than Q, the quadratic fields are the only cases in which we fully
understand the torsion subgroups of elliptic curves.
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Theorem 2.9 (Kamienny–Kenku–Momose). Let E be an elliptic curve defined
over a quadratic field K. Then E(K)tors is isomorphic to one of the following 26
groups:
Z/mZ 1 ≤ m ≤ 16, or m  18,
Z/2Z ⊕ Z/2νZ 1 ≤ ν ≤ 6,
Z/3Z ⊕ Z/3νZ 1 ≤ ν ≤ 2,
Z/4Z ⊕ Z/4Z.
The above list of groupswas proposed in [KeMo], and in 1992, Kamienny
proved the list is complete ([Kam]).
2.4 Elliptic curves over local fields and reduction
Let K be a non-archimedean complete local field with normalised valuation
v : K× −→ Z, with the ring of integers O. The maximal ideal of O is denoted
by p, and let k be the residue field O/p.
Let E/K be an elliptic curve defined by the Weierstrass equation of the
form (2.2), i.e., coefficients ai are in K. The equation is calledminimal if ai ∈ O
for all i and v(∆) is minimal among all such Weierstrass equations defining
E. In this section we assume E is given by a minimal Weierstrass equation.
In this case we say ∆ is a minimal discriminant of E.
The reduction of E modulo p is the curve Ẽ over k defined by the equation
y2 + ã1x y + ã3 y  x3 + ã2x2 + ã4x + ã6,
where ãi  ai mod p. This curve is not necessarily an elliptic curve; it may
have a singular point. Note that in any case Ẽ has at most one singular point.
The following types appear when we reduce E modulo p.
• E has good reduction if Ẽ is nonsingular. This is equivalent to v(∆)  0,
i.e., ∆̃ ∈ k×.
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• E has multiplicative reduction if Ẽ has a nodal singularity.
• E has additive reduction if Ẽ has a cuspidal singularity.
When E has multiplicative reduction, we say E has split multiplicative re-
duction if the tangent directions at the singular point of Ẽ are defined over k,
otherwise we say E has non-split multiplicative reduction. In this latter case
the tangent lines are defined over a quadratic extension of k. We also say E
has semi-stable reduction if E has good or multiplicative reduction.
These terminologies (multiplicative, additive) coincide with the group
structure of the non-singular part Ẽns of Ẽ:
• E has split multiplicative reduction if and only if Ẽns  Gm , the multi-
plicative group scheme over k,
• E has non-split multiplicative reduction such that the tangent di-
rections at the singular point are defined over k(
√
d) if and only if
Ẽns  Gm[d], the twisted multiplicative group scheme over k,
• E has additive reduction if and only if Ẽns  Ga , the additive group
scheme over k.
For details, see §II.3 in [Mil06].
The notion of reduction provides us a useful tool to study the nature of
elliptic curves over local fields. Let an embedding E −→ P2 be given and
let P ∈ E(K) be a point. If we write P  [x0, y0, z0], then the reduced point
P̃  [x̃0, ỹ0, z̃0] is a point in Ẽ(k). This allows us to define the reduction map
r : E(K) −→ Ẽ(k), which gives the following filtration on the group E(K).
E0(K) 
{









P ∈ E0(K) : r(P)  Õ
}
 r−1(Õ).
In fact, the homomorphism E0(K) −→ Ẽns(k) is surjective with kernel
E1(K).2 The quotient E(K)/E0(K) is of special interest to us. This group is
2For proof, see Proposition VII.2.1 in [Sil09].
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finite, and the following theorem says something about the structure of this
group.
Theorem 2.10 (Néron–Tate). Let E/K be an elliptic curve. If E has split multi-
plicative reduction, then E(K)/E0(K) is a cyclic group of order v(∆)  −v( j). In
all other cases, the group E(K)/E0(K) is finite of order at most 4.
Proof. This follows from Tate’s algorithm. See the following section. For
details see §IV.9 in [Sil94] or Tate’s original article [Tat75]. 
Definition. The index C  [E(K) : E0(K)] is called the Tamagawa number
of E/K. When E is defined over a global field K, then we denote by Cp the
local Tamagawa number [E(Kp) : E0(Kp)] in order to distinguish Tamagawa
numbers for various completions.
Sometimes the following criterion for determining good reduction is very
useful. Let IK  Ip be the inertia subgroup of GK . A GK-module M is said to
be unramified if IK acts trivially on M.
Theorem 2.11 (Criterion ofNéron–Ogg–Shafarevich). The following are equiv-
alent.
(i) E has good reduction.
(ii) E[m] is unramified for all m relatively prime to char(k).
(iii) E[m] is unramified for infinitely many m relatively prime to char(k).
(iv) T`E is unramified for all ` , char(k).
(v) T`E is unramified for some ` , char(k).
Proof. Theorem VII.7.1 in [Sil09]. 
The technique of reduction can be also used to determine torsion points.
Along with Lutz–Nagell theorem (Theorem 2.7) the following result is also
of frequent use.
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Theorem 2.12. Let E be an elliptic curve over a number field K, and letp be a prime
of K at which E has good reduction, and let k be the residue field ofp, of characteristic
p. Then for any m ≥ 1 with p - m, the reduction map E(K)[m] −→ Ẽ(k) is
injective.
Proof. Proposition VII.3.1 in [Sil09]. 
For general number fields K and for elliptic curves E/K, we can also
adopt the notion of minimal equation of E/K. Let O be the ring of integers of
K. A Weierstrass equation (2.2) defining E/K is called minimal if ai ∈ O and
vp(∆) is minimal among all such equations, for every primep of K. However,
global minimal equations do not always exist; but we are content with the
following criterion.
Theorem 2.13. K has class number 1 if and only if every elliptic curve E/K has a
global minimal Weierstrass equation. In particular, every elliptic curve over Q has
a global minimal equation.
Proof. Corollary VIII.8.3 and Exercise 8.14 in [Sil09]. 
2.5 Néron models and Tate’s algorithm
Let K be a complete local field. In this section however, more specifically, let
K be a finite extension of p-adic number field Qp , and let p be the prime of K
lying above p. Moreover, letO be the ring of integers in K, and k  O/p be the
residue field. In this sectionwe use terminologies and concepts frommodern
(Grothendieck style) algebraic geometry more heavily. For definitions and
relevant properties of such concepts, we refer to [Har], [Liu], or [Mum].
Suppose that EK is an elliptic curve defined over K. As we have seen in
the last section, one of the most useful tool to study the arithmetic of EK is
the method of reduction. If EK is given by a minimal Weierstrass equation,
then the coefficients ai in Equation (2.1) are in O, and so the equation defines
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a projective scheme W  WO −→ SpecO, called the minimal Weierstrass
model for EK . When EK has good reduction, this scheme is smooth (i.e., it
is flat and locally of finite presentation over its base such that all fibres are
geometrically regular; for precise definition, consult §II.2 in [BLR]) proper
group scheme, so that EK extends to an abelian scheme W −→ SpecO.
However, when EK has bad reduction, it is no longer true. Number theorists
were interested to know whether such “good models” exist when EK does
not have good reduction. In 1960’s, Néron discovered such good models do
exist:
“It came as a surprise for arithmeticians and algebraic ge-
ometers when A. Néron, relaxing the condition of properness
and concentrating on the group structure and the smoothness,
discovered in the years 1961–1963 that such models exist in a
canonical way (...)”3
Let us now define the canoncial model of Néron.
Definition. Let EK be an elliptic curve defined over K. A Néron model for EK
is a smooth group scheme E  EO/O whose generic fibre is EK and which
satisfies the following universal property, called Néron mapping property:
Let X/O be any smooth group scheme over O with generic
fibre XK/K, and let φK : XK d EK be a rational map defined over
K. Then there exists a uniquemorphism φ : X −→ E defined over
O extending φK .
Equivalently, the Néron mapping property says that the canonical injection
E(O)  Mor(SpecO , E) −→ EK (K)  Mor(Spec K, EK) is bĳective.
Néron models can be defined more generally for abelian varieties AK .
3[BLR], page 1.
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Theorem 2.14 (Néron). Let AK be an abelian variety. Then the Néron model AO
exists and are unique up to a unique isomoprhism.
Proof. See [Art]. 
One major problem is to determine which geometric structure appears
in the special fibre of a Néron model E/O with generic fibre EK/K. Let
Ek  E ×SpecO Spec k be the special fibre of E, and let E0k/k be the iden-
tity component of Ek . Note that a section s ∈ E(O) which is the map
s : SpecO −→ E gives via composition with Spec k −→ SpecO that a
point (s , idk) : Spec k −→ E ×SpecO Spec k  Ek . As soon as we identify
EK (K)  E(O), we restore the reduction map r : EK (K) −→ Ek (k). Then we
have
E0k (k)  ẼK
ns
(k)  E0K (K)/E
1
K (K) and
Ek (k)/E0k (k)  EK (K)/E
0
K (K).
This allows us another description of the quotient group EK (K)/E0K (K),
and it sheds some light on computing, in particular, the Tamagawa number
[EK (K) : E0K (K)].
In order to determine the special fibre, we need to consider more ge-
ometrically. So, let C/ SpecO be the minimal regular proper model of EK , by
which we mean a proper flat O-model C which is a regular scheme and
which is minimal among all models C′ of this type, such that its generic fibre
CK  C ×SpecO Spec K is isomorphic over K to EK . Here by the minimality
we mean that each O-morphism C −→ C′ of such models which becomes
isomorphic on the generic fibre is in fact an isomorphism. Such models
uniquely exist; for detail, we refer to [Abh], [Lip] or [Nér]. The Néron model
E for EK is in fact obtained from C by removing all the singular points of
the special fibre Ck  C ×SpecO Spec k. Néron actually classified all geomet-
ric structures that can appear as special fibre of C: in Kodaira’s notation
([Kod64], [Kod66]), they are I0 (good reduction), In for n ≥ 1 (multiplicative
reduction), II, III, IV I∗0, I
∗
n for n ≥ 1, II∗, III∗, and IV∗.
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When an elliptic curve EK/K is given, Tate’s algorithm determines the
exactKodaira type of the special fibre, togetherwith the number of geometric
components, the valuation of the minimal discriminant, the exponent of the
conductor of EK (which will be defined soon), and finally, the Tamagawa
number C  [EK (K) : E0K (K)]. Writing down Tate’s algorithm here is too
lengthy and somewhat redundant, we are content ourselves with refering to
§IV.9 in [Sil94] and Tate’s original article [Tat75].
Before closing this section, we define an arithmetic invariant (in fact,
isogeny-invariant) of elliptic curves E defined over a number field K that
contains the informations about the local reduction types of E.
Definition. Let E be an elliptic curve defined over a number field K. The










0 if E/K has good reduction at p,
1 if E/K has multiplicative reduction at p,
2 + δp if E/K has additive reduction at p.
When E/K has additive reduction at p, the quantity δp ≥ 0 is called the wild
part of the conductor of E/K at p.
Remark. The wild part of the conductor E/K at p is annoying, but mostly
harmless because δp  0 for all p ≥ 5, where p is the residue characteristic of
Kp. Of coursewe have rigorous definition for δp, which can be found at §IV.10
of [Sil94]. Moreover, for any p, the wild part δp is completely computable by
Tate’s algorithm.
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Remark. At first, one could think of the conductor as a quite redundant
quantity because of the existence of the minimal discriminant. But in fact it
is never an ad hoc invariant; it is relevant to Galois representation attached
to elliptic curves, and plays a very important role in the functional equation
of the L-function.
2.6 Elliptic curves over number fields and
Mordell–Weil theorem
Let K be a number field, and O be the ring of integers of K. The following is
arguably the most important theorem on the arithmetic of elliptic curves; it
describes the structure of the group of rational points E(K).
Theorem 2.15 (Mordell–Weil). Let E be an elliptic curve over K. Then the group
E(K) is finitely generated abelian group, i.e., we can write
E(K)  Zr ⊕ E(K)tors,
where r  rE ≥ 0 is an integer called the rank of E/K, and E(K)tors is a finite
abelian group.
We sketch the proof of the theorem. Basically, the proof consists of two
parts: weak Mordell–Weil theorem and height consideration. Throughout
this section, we closely follow expositions on the text of Hindry and Silver-
man, [HiSi], especially chapter C in the text.
The weak Mordell–Weil theorem says that for each integer m ≥ 1, the
quotient group E(K)/mE(K) is finite. In order to see this, we consider amore
general situation; let φ : E −→ E′ be an isogeny, and we will see that the
quotient E′(K)/φE(K) is finite. Let E[φ]  E(K)[φ] be its kernel. Then we
have the following short exact sequence of GK-modules which is analogous
to the classical Kummer sequence (cf. §X.3 in [Ser79]):
0 −→ E(K)[φ] −→ E(K)
φ
−→ E′(K) −→ 0.
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By taking the cohomology long exact sequence, we get




−→ H1(K, E[φ]) −→ H1(K, E)
φ
−→ H1(K, E′) −→ · · · ,
where δ is the connecting homomorphism. From this, we can extract the
following short exact sequence:
0 −→ E′(K)/φE(K) −→ H1(K, E[φ]) −→ H1(K, E)[φ] −→ 0.
So in order to show the finiteness of E′(K)/φE(K), it is sufficient to obtain
the finiteness of H1(K, E[φ]). However, unfortunately, the latter group is
almost always infinite; we avoid this difficulty by finding a finite subgroup of
H1(K, E[φ]) containing E′(K)/φE(K). We find such a group by considering
completions with respect to various primes of K. So let p be a prime of K,
and let Kp be the completion of K with respect to p, which is a complete local
field with valuation v  vp. Let M be an arbitrary continuous GK-module.
If we fix an extension of v in K, i.e., an embedding K −→ Kp for each prime
p, then the local absolute Galois groups Gp : Gal(Kp/Kp) are embedded
in GK as decompostion groups. These embeddings give restriction maps on
cohomology groups:
resp : Hq (K,M) −→ Hq (Kp ,M) q ≥ 0.
Thus, we have the following diagram:











p H1(Kp , E[φ]) //
∏
p H1(Kp , E)[φ] // 0
where the vertical maps are restriction maps.
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Definition. Let φ : E −→ E′ be an isogeny of elliptic curves defined over a number
field K. The Selmer group of E with respect to φ (or φ-Selmer group for short) is the
group








The Tate–Shafarevich group of E is the group








In both formulae, the product is taken over all (finite and infinite) primes p of K.
Remark. Note that there are some variations on the definitions of the Selmer and











ξ ∈ H1(K, E[φ]) : resp ξ ∈ im δp
}
,
where δp : E′(Kp) −→ H1(Kp , E[φ]) is the connecting homomorphism for each
prime p. In fact, this last expression is useful later for computing Selmer groups.
Now, using these new groups, we have the following exact sequence
0 −→ E′(K)/φE(K) −→ Selφ (E/K) −→X(E/K)[φ] −→ 0.
Theorem 2.16. The φ-Selmer group Selφ (E/K) is finite. Consequently, the subgroups
E′(K)/φE(K) and X(E/K)[φ] are also finite.
Our strategy to prove finiteness of Selφ (E/K) is, again, to embed the group into
another finite groupwe are able to deal withmore easily. Let M be a continuous GK-
module. For a prime p of K, we say a cohomology class ξ ∈ H1(K,M) is unramified
at p if its restriction to H1(Ip ,M) is trivial, where Ip ⊂ Gp is an inertia group for
p. Note that Ip is only defined up to conjugation since the choice of extension of p
matters, but the triviality or non-triviality of the image of ξ via the restriction maps
is not dependent on the choice of Ip. Having defined that, for a finite set S of primes
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of K, we denote by H1S (K,M) the subgroup of H
1(K,M) consisting of cohomology
classes that are unramified outside S. The theorem now follows from the following
two lemmas.
Lemma 2.17. Let M be a finite continuous GK-module, and let S be a finte set of primes of
K. Then the cohomology group H1S (K,M) of classes unramified outside S is finite.
Proof. Since M is finite and GK acts continuously on M, we can take a finite Galois







it follows that we are reduced to prove the result for L. Replacing K by L, we assume
GK acts trivially on M. Let m be the exponent of the abelian group M.
Now, the elements of H1(K,M)  Hom(GK ,M) correspond to certain finite
abelian extensions whose Galois groups have exponent m; when ξ ∈ Hom(GK ,M)
is given, then the field Kker ξ is the desired finite abelian extension of K. Via this
correspondance, elements of H1S (K,M) corresponds to finite abelian extensions of
exponent m unramified outside S. By Kummer theory we can see that the maximal
abelian extension of K of exponent m is finite (see Corollary C.1.8 in [HiSi]); we
deduce H1S (K,M) is also finite. 
Lemma 2.18. Let φ : E −→ E′ be an isogeny of elliptic curves over K. Let S be a finite set
of primes of K containing
(i) all infinite primes of K,
(ii) all primes of bad reduction of E and E′ (in fact E and E′ have the same set of primes
of bad reduction4),
(iii) all primes dividing the degree of φ.
Then one can embed Selφ (E/K) into H1S (K, E[φ]).
4This is due to the criterion of Néron–Ogg–Shafarevich. See Theorem 2.11.
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Proof. Let ξ ∈ Selφ (E/K) ⊂ H1(K, E[φ]) and let p be a finite prime not in S. By
the definition of Selφ (E/K) we can choose a point x ∈ E(Kp) such that resp ξ(σ) 
σ(x) − x for each σ ∈ Gp. Suppose that σ ∈ Ip. Since any elements of Ip acts trivially
on Ẽ(kp) where kp is the residue field at the prime p, we have
ξ(σ)  σ(x) − x ≡ 0 (mod p).
However, since σ(x) − x ∈ E[φ] ⊂ E[m] for m  degφ and m is relatively prime
to p, by Theorem 2.12, we must have ξ(σ)  σ(x) − x  0, whence Selφ (E/K) ⊂
H1S (K, E[φ]). 
We have proved Theorem 2.16. Applying the theorem to the case when E  E′
and φ  [m], we get the weakMordell–Weil theorem for m: the group E(K)/mE(K)
is finite.
The second step towards Mordell–Weil theorem (Theorem 2.15) makes use of
height functions. So let us introduce briefly about the height functions and complete
the proof of Theorem 2.15. Height functions are defined gradually from height
functions on projective spaces to ones on elliptic curves.
We first need to fix our notion of absolute values. Let MQ  M∞Q ∪M
0
Q be the set
of standard absolute values on Q. Furthermore,
• M∞Q is a singleton containing the archimedean absolute value | · |∞ on Q, i.e.,
|x |∞  max(x ,−x), and
• M0Q is the set of p-adic absolute values | · |p for rational primes p, i.e., |x |p 
p− ordp x .
Let K be a number field, i.e. K/Q is a finte algebraic extension. Then the set of standard
absolute values on K, denoted by MK is defined as the set of all absolute values on K,
whose restriction to Q is one of the absolute values in MQ.
Definition. Let PN be the projective space of dimension N , defined over Q.
(i) The (naïve) multiplicative height function relative to K is the function HK :
PN (K) −→ R defined by





|x0 |p , · · · , |xN |p
)np ,
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where the product is taken over all primes of K, and np is the local degree at
p, i.e., np  [Kp : Qp] for p being the rational prime lying below p.
(ii) If P ∈ PN (Q), then we define the multiplicative absolute height of P, denoted by
H(P) as follows. We first choose a number field K such that P ∈ PN (K). Then
H(P)  HK (P)1/[K:Q].
(iii) The absolute (logarithmic) height is the function h : PN (Q) −→ R defined by
h(P)  log H(P).
The multiplicative height is well-defined by the product formula (see §III.1 in
[Neu99] for example). Moreover, we have HK (P) ≥ 1 for all number field K and
P ∈ PN (K), whence h(P) ≥ 0.
Now let E/K be an elliptic curve, and let f ∈ K(E) be a non-constant function.
Then f defines a surjective morphism which is also denoted by f ,
f : E −→ P1 , P 7−→


[1, 0] if P is a pole of f ,
[ f (P), 1] otherwise.
Definition. The height on E relative to f is the function
h f : E −→ R, P 7−→ h( f (P)).
We use the following property.
Proposition 2.19. LetE/K be an elliptic curve and let f ∈ K(E) be a non-constant function
defined over K.
(i) For any constant C, the set
{
P ∈ E(K) : h f (P) ≤ C
}
is finite.
(ii) Let Q ∈ E(K). Then
h f (P + Q) ≤ 2h f (P) + O(1) for all P ∈ E(K),
where O(1) depends on E, f and Q.
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(iii) Let m ∈ Z. Then
h f ([m]P)  m2h f (P) + O(1) for all P ∈ E(K),
where O(1) depends on E, f , and m.
Proof. Proposition VIII.6.1 through Corollary VIII.6.4 in [Sil09]. 
Now we prove Theorem 2.15. We follow the proof of Theorem VIII.3.1 and
Theorem VIII.6.7 in [Sil09].
Proof of Mordell–Weil Theorem. Choose any function f ∈ K(E), for example, f could
be the x-coordinate on aWeierstrass equation for E, and denote by h  h f the height
on E relative to f . Fix an integer m ≥ 2, and choose elements Q1 , · · · ,Qr ∈ E(K)
representing the finitely many cosets in E(K)/mE(K). Let P ∈ E(K) be an arbitrary
element, then we can find Qi1 (1 ≤ i1 ≤ r) representing the coset P + mE(K), i.e.,
P  [m]P1 + Qi1 for some P1 ∈ E(K). Similarly, write
P  [m]P1 + Qi1 ,
P1  [m]P2 + Qi2 ,
· · ·
Pn−1  [m]Pn + Qin .





h([m]P j) + C
)











2h(P j−1) + C′
)
from (ii) of Proposition 2.19.
Here, as f and m being fixed, the constant C′ only depends on E, by choosing
maximal constant of Proposition 2.19 (ii) for Q ∈ {−Q1 , · · · ,−Qr }. Applying this
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The last inequality holds because m ≥ 2. Thus, for sufficiently large n, we have




P  mnPn +
n∑
j1
m j−1Qi j ,
we conclude that any point P ∈ E(K) is a linear combination of points in the set
{Q1 , · · · ,Qr }
⋃ {





From Proposition 2.19 (i), this set is finite, whence E(K) is finitely generated. 
Among other things, Proposition 2.19 (iii) shows that the function h f is “almost”
a quadratic form. In fact, there is a quadratic form which only differ from h f by a
constant. The following is the construction of such quadratic form, which is due to
Tate.
Proposition 2.20. Let E/K be an elliptic curve and let f ∈ K(E) be a non-constant even





4−N h f ([2N ]P)
exists, and it is independent of f .
Proof. Proposition VIII.9.1 in [Sil09]. 
This allows us to define the following.
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Definition. The canonical (or Néron–Tate) height on E/K is the function







4−N h f ([2N ]P),
where f is any non-constant even function in K(E).
As we have mentioned, this function enjoys all the properties of the quadratic
form.
Theorem 2.21 (Néron–Tate). Let E/K be an elliptic curve, and let ĥ be the Néron–Tate
height on E.
(i) For all P,Q ∈ E(K), we have
ĥ(P + Q) + ĥ(P −Q)  2ĥ(P) + 2ĥ(Q).
(ii) For all P ∈ E(K) and all m ∈ Z,
ĥ([m]P)  m2 ĥ(P).
(iii) ĥ is a quadratic form on E, i.e., ĥ is an even function and the pairing






ĥ(P + Q) − ĥ(P) − ĥ(Q)
)
is bilinear.
(iv) We have ĥ(P) ≥ 0 for all P, and the equaility holds if and only if P is a torsion point.
(v) Let f ∈ K(E) be an even function. Then
(deg f )ĥ  h f + O(1),
where O(1) depends on E and f .
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(vi) If ĥ′ : E(K) −→ R is any other function saisfying (v) and (ii) for some integer m ≥ 2,
then ĥ′  ĥ.
Proof. Theorem VIII.9.3 in [Sil09]. 
Intuitively, we regard ĥ as the function measuring the arithmetic complexity of
points on E. This gives an important invariant relative to the arithmetic of elliptic
curves, as follows. We use the canonical (or Néron–Tate) height pairing on E, 〈·, ·〉,
defined above.
Definition. Let E/K be an elliptic curve, and let {P1 , · · · , Pr } be a basis of the free
part E(K)/E(K)tors. The regulator of E(K) is defined by
Reg(E/K)  det
(




If r  0, i.e., if E(K) is finite, then we define Reg(E/K)  1.
2.7 Hasse–Weil L-functions
We first define the L-series attached to the elliptic curve. It is defined as an Euler
product, with the factors indexed by finite primes of K; the idea is to gather all local
informations to form a meromorphic function defined initially on some half plane
in C.
Let E be an elliptic curve defined over a number field K. Let p be a prime of
K, and consider the completion Kp of K with respect to p and the corresponding
decomposition group Gp. Let kp ≈ Fqp be the finite residue field of Kp with char-
acteristic p. The group Gp is determined up to conjugation, inside the full Galois
group GK . Once it is fixed, we can talk of Frobenius element Frobp ∈ Gp which is
also determined up to inertia group Ip.
Let ` be a prime, and consider the Galois representations T`E and V`E  T`E⊗Z`
Q` of the group Gp, and its dual V`E∨. Since the quotient Gp/Ip acts on (V`E)Ip , the
action of Frobp on it is well-defined. Moreover, since its characteristic polynomial
is invariant under conjugation, the action of Frobp is completely well-defined. Now
we define the local polynomial at p as follows:
Fp(T)  det
(
1 − Frob−1p T(V`E∨)Ip
)
.
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Here, using the inverse of Frobenius and dual of V`E is only conventional; we do
not pay more attention to it.
Suppose first that E has good reduction at p. By the criterion of Néron–Ogg–
Shafarevich (Theorem 2.11), it is true if and only if V`E is unramified at p. By
properties of Frobenius actions on elliptic curves over finite fields (cf. chapter V in
[Sil09]), we have
Fp(T)  1 − apT + qpT2.
where
ap  1 + qp − #Ẽ(kp).
When E has bad reduction at p, we can also decide the local polynomials as follows




1 if E has additive reduction at p,
1 − T if E has split multiplicative reduction at p,
1 + T if E has non-split multiplicative reduction at p.
Now we are ready to define the L-function.
Definition. The Hasse–Weil L-function of E/K (or the L-function attached to the elliptic

















where the product is taken over all finite primes of K.
Remark. The L-function of E/K is isogeny-invariant, i.e., if E and E′ are isogenous
curves over K, then L(E/K, s)  L(E′/K, s). This comes from the nature of the above
Euler product; the factors are actually defined in terms of Galois representation
attached to E, and Faltings’s isogeny theorem ([Fal]) shows that an isogeny E −→ E′
gives rise to an isomorphism V`E −→ V`E′ on Tate modules.
Theory of Hasse bound (§V.1 in [Sil09]) shows that the product in Equation
(2.4) converges absolutely in the half plane Re(s) > 3/2. Note that, however, formal
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which inspires Birch and Swinnerton-Dyer to formulate the famous “BSD” conjec-
ture. This will be dealt with in the subsequent section.
The prototype of the Hasse–Weil L-function, as of all objects in number theory
called “L-functions” or “zeta functions”, is the Riemann zeta function. It is defined
by ζ(s) 
∑




(1 − p−s )−1 ,
where the product runs over all rational primes p. Note the similarity of appearances
of the Riemann zeta and Hasse–Weil L-functions. The same moral is also applied
for the Hasse–Weil L-function; namely the complex function formed by gathering
all local informations mysteriously covers a lot of arithmetic invariants encoded at
the critical points. This idea is also infiltrated into the BSD conjecture.
However, before getting into the BSD conjecture, we must overcome the follow-
ing conjecture concerning about meromorphic continuation and functional equa-
tions of the L-function.
Conjecture 2.22 (Hasse–Weil). Suppose that E is an elliptic curve of conductor NE









· (disc K)s · L(E/K, s),




s−1e−t dt is the Gamma function and
disc(K) is the discriminant of K. The function Λ(E/K, s) is understood as adding
factors at the infinite primes to L(E/K, s). Then,
Λ(E/K, s)  w(E/K)Λ(E/K, 2 − s), (2.5)
where w(E/K)  ±1 is called the root number of E/K. In particular, this functional
equation implies that the Euler product (2.4) defined on Re(s) > 3/2 admits a
meromorphic continuation to entire C.
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As of today, this conjecture is known for all elliptic curves over K  Q; this
is a formal consequence of Modularity Theorem, which was deliberately shown
by Wiles ([Wil], with some correction [TaWi] with Taylor) for semi-stable elliptic
curves, and by [BCDT] for all elliptic curves over Q. Besides Q, some other cases
when K is totally real are known.
2.8 Modular curves and modularity theorem
In this section, we briefly review topics related to modular curves and modularity
of elliptic curves over Q. We will see that modularity theorem for elliptic curves
over Q implies the Hasse–Weil conjecture (Conjecture 2.22).























∈ SL2(Z) : c ≡ 0, a ≡ d ≡ 1 (mod N)


be congruence subgroups of SL2(Z). Note that any elements of SL2(Z) acts on the
extended Poincaré upper half plane
H∗  {z ∈ C : Im z > 0} ∪ P1(Q).
by linear fractional transformations (on the upper half plane) and by the obvious
manner (on P1(Q)). Over C, we define modular curves X0(N)C and X1(N)C by
letting Xi (N)C : Γi (N)\H∗ for i  0, 1. Then Xi (N)C are compact Riemann surfaces,
or equivalently, complete algebraic curves.
In fact, we take models Xi (N) for the Riemann surfaces Xi (N)C defined over
Q; there are plenty of literatures on this topic, and we refer to e.g. [DDT], [DiIm]
and [Roh]. From now on, we think of Xi (N) as algebraic curves defined over Q.
This curves have nice properties as moduli spaces. First, the curve X0(N) consists
of isomorphism classes of pairs (E, CN ) of a “generalised” elliptic curve E and a
cyclic subgroup CN of order N in E. We denote by [(E, CN )] an arbitrary point of
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X0(N). A point x ∈ X0(N) is a K-rational point for a number field K if and only if
there is a representative (E, CN ) for the point x such that E and CN are defined over
K. For X1(N), we have a similar property: X1(N) consists of isomorphism classes
of a generalised elliptic curve E together with a point P of exact order N . Thus, we
have a canoncal map X1(N) −→ X0(N) defined by [(E, P)] 7−→ [(E, 〈P〉)]. This map
is called the Shimura cover.
Let J0(N) be the Jacobian of the curve X0(N). General definition of Jacobians of a
curve iswell discussed in the appendixCurves and their Jacobians to [Mum].We ignore
entirely about the geometric structure and properties of J0(N), but as an abstract
group, we note that J0(N)  Pic0(X0(N)). Likewise, we have J1(N)  Pic0(X1(N)).
In particular, the Shimura cover yields the canonical map on Jacobians via Picard
functoriality: J0(N) −→ J1(N). The kernel Σ(N) of this map is called the Shimura
subgroup of J0(N).








where the maps α and β are defined as follows. First, we write an arbitrary element
of X0(pN) as a triple [(E, Cp × CN )], as we saw before. Then,
α : [(E, Cp × CN )] 7−→ [(E, CN )],
β : [(E, Cp × CN )] 7−→ [(E/Cp , (Cp × CN )/Cp)].
ThisHecke correspondence defines via divisor group Div(X0(N)) the Hecke operator
Tp : J0(N) −→ J0(N),
i.e., if we write α∗ (resp. β∗) as homomorphisms J0(N) −→ J0(pN) (resp. J0(pN) −→
J0(N)) obtained from α (resp. β) by Picard functoriality (resp. Albanese functorial-
ity), then Tp  β∗ ◦ α∗. Similarly, for primes q | N , we can define Hecke operators
Tq : J0(N) −→ J0(N). When we need to distinguish primes dividing N from ones
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not dividing N , we use the notation Uq  Tq for q | N . Also, for convenience, for any











1 − Tq q−s
)−1
. (2.6)
This makes Hecke operators multiplicative, i.e., TmTn  Tmn whenever gcd(m , n) 
1. Let T be the Z-algebra generated by all Hecke operators Tn for n ≥ 1. It is a
subalgebra called Hecke algebra of EndC( J0(N)), and is commutative. Moreover, let
T0 be the subalgebra of T generated by only those Tn with gcd(n ,N)  1. For the
structure of the Hecke algebras, we have the following theorem.
Theorem 2.23. The Hecke algebras T and T0 are finitely generated as Z-modules. The rank
of T is equal to the genus of X0(N), which is also equal to dim J0(N).
Proof. Propositions II.2 through II.4 in [Dar04]. 
Let Γ be a congruence subgroup of SL2(Z), i.e., Γ ≤ SL2(Z) contains a principal







modulo N . The largest such integer N is called the level of the congruence
subgroup Γ. Note that Γ is of finite index in SL2(Z). For example, the subgroups Γ0(N)







is contained in Γ. Note that the above two groups Γ0(N) and Γ1(N)
satisfy this assumption. By a modular form of weight k on Γ we mean a holomorphic
function f : H −→ C satisfying











where q  e2πiτ.
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The expression (2.7) is called the q-expansion at the cusp γ−1∞. We also say amodular
form f is a cusp form if aγn  0 for all γ ∈ SL2(Z). By Sk (Γ) we denote the C-vector
space of cusp forms of weight k on Γ.
The Hecke operators also act linearly on the space of cusp forms S2(N) :
S2(Γ0(N)). The Hecke action on the q-expansion at the cusp ∞ of a cusp form
f 
∑





p |n an qn/p + p
∑
an qpn ifp - N,∑
p |n an qn/p ifp | N.
The C-vector space S2(N) is equipped with a non-degenerate Hermitian inner
product




called the Petersson inner product. The Hecke operators Tp ∈ T0 acts as self-adjoint
operators in S2(N) with respect to the Petersson inner product. We say a modular
form f is an eigenform if it is a simultaneous eigenvector for all the Hecke operators
in T, i.e., there is a ring homomorphism λ : T −→ C such that T f  λ(T) f for
all T ∈ T. By a direct calculation, if f is an eigenform then the coefficients of the
q-expansion an ( f ) at the cusp∞ is given by the formula
an ( f )  a1( f )λ(Tn).
We call an eigenform having a1( f )  1 a normalised eigenform. By the relation of




f ∈ S2(N) : T f  λ(T) f for all T ∈ T
}
is one dimensional, and the eigenform f ∈ Sλ forms a basis. This is very important,
and in literatures, the result is called multiplicity one theorem.
However in general, the space S2(N) is not decomposed into a direct sum of
eigenspaces Sλ. This is due to the fact that the operators in T do not act semi-simply
on S2(N). We can remedy this by adopting another subspace of S2(N) on which
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T acts semi-simply. This subspace is called the space of newforms and is denoted
by Snew2 (N). More precisely, we let S
old
2 (N) be the subspace of S2(N) consisting of
linear combinations of those forms f ∈ S2(N) such that there exists a cusp form
g ∈ S2(N/d) for some divisor d , 1 of N , and f (τ)  g(d′τ) for some d′ | d. Such
forms as f are called oldforms, and the space of newforms Snew2 (N) is the orthogonal
complement of Sold2 (N) with respect to the Petersson inner product.









Proof. See [AtLe]. 
For simplicity, we call such fλ just a newform of level N . For a newform f of level
N , we define the L-series of f as follows.
L( f , s) 
∞∑
n1
an ( f )n−s . (2.8)
Initially, we can show that L( f , s) is defined on the half plane Re s > 3/2.
Theorem 2.25. The L-series of a newform f of level N satisfies the following properties.
(i) L( f , s) admits the Euler product








1 − aq ( f )q−s
)−1
.
Noteworthily enough, we now see the reason Hecke operators Tn for non-prime n are
defined in such a way as in Equation (2.6).
(ii) Let Λ( f , s)  N s/2(2π)−sΓ(s)L( f , s) be the completed L-series. Then,





Thus Λ( f , s) (and hence L( f , s)) can be analytically continued to be an entire
function on C.
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(iii) We have the functional equation
Λ( f , s)  −Λ(WN ( f ), 2 − s),
where WN is the Atkin–Lehner involution.
Proof. (i) directly follows by the definition of Hecke operators Tn and Fourier coef-
ficients an ( f ). For (ii) and (iii), see §5 in [DiIm]. 
Note the similarity of Hasse–Weil L-functions for elliptic curves and the above
L-functions for newforms. It is not a coincidence, and there are some deep relations
showing close interconnection between elliptic curves and newforms. Even more
than that, we dare to claim that they are essentially the same objects in view of
arithmetic. The following theorem provides one direction of this interdependence.
Theorem 2.26 (Eichler–Shimura). Let f be a normalised eigenform whose Fourier coeffi-
ceints an ( f ) are in Z. Then there exists an elliptic curve E f defined over Q such that
L( f , s)  L(E f /Q, s).
Proof. Here we are content ourselves with seeing the construction of E f from f .
For the remainder of the proof, the reader may consult §I.7 in [DDT]. Recall that
we take X0(N) to be an algebraic curve defined over Q, whose complex points
form a compact Riemann surface X0(N)(C)  Γ0(N)\H∗. Also recall that J0(N)
is the Jacobian variety of X0(N) defined over Q. Let I f be the kernel of the ring
homomorphism λ : T −→ C attached to f . Now we define E f : J0(N)/I f J0(N).
The rest of the proof is to compare ap (E f ) : 1 + p − #Ẽ f (Fp) when E f has good
reduction at p with Fourier coefficients ap ( f ). 
Corollary 2.27 (Carayol). The level N of the newform f is equal to the conductor of E f .
Proof. See [Car]. 
Now we develop converse statements.
Definition. An elliptic curve E/Q of conductor N is modular if there is a newform
f  fE ∈ Snew2 (N) such that L(E/Q, s)  L( f , s).
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Corollary 2.28. Suppose that E/Q is a modular elliptic curve. Then the Hasse–Weil
conjecture 2.22 is true for E.
Proof. This is immediate from Theorem 2.25. 
Suppose that E/Q is an elliptic curve. Note that Faltings’ theorem ([Fal]) says
that two elliptic curves are isogenous if and only if they have the same L-function.
So, if E/Q ismodular, then by Eichler–Shimura construction 2.26we have an isogeny
E f  J0(N)/I f J0(N) −→ E for some newform f of level N . Composing with the
canonical embedding
X0(N) −→ J0(N), x 7−→ [(x) − (∞)],
we have a morphism X0(N) −→ E. This is called the modular parametrisation of E.
In fact, the existence of such a modular parametrisation is equivalent to E being
modular.
The following is a groundbreaking theorem. It is proved for semistable elliptic
curves byWiles [Wil] plus some correctionswith Taylor [TaWi], andunconditionally
by Breuil, Conrad, Diamond and Taylor ([BCDT]).
Theorem 2.29 (Modularity theorem). Every elliptic curve E over Q is modular.
We close this section with defining one more important invariant of modular
elliptic curve. Let π : X0(N) −→ E be a modular parametrisation over Q, and let ω
be the Néron differential of E, i.e., it is the minimal differential of a minimal model of
E. Manin ([Man]) showed that π∗ω  M · 2πi f (τ)dτ, for a constant M ∈ Q×.
Conjecture 2.30 (Manin). M  1 for X0(N)-optimal curves, which are curves of the
form E f .5
Definition. Letπ : X0(N) −→ E be amodularparametrisation. The constantM such
that π∗ω  M · 2πi f (τ)dτ is called theManin constant of the modular parametrisation.
For current status of the Manin’s conjecture, see [ARS].
5For the precise definition of and some discussions about optimal curves, see §3.1.
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2.9 Birch and Swinnerton-Dyer conjecture
Let K be a number field, and let E be an elliptic curve defined over K. The essence
of the arithmetic of E/K is to determine the Mordell–Weil group E(K). By Theorem
2.15, the group is finitely generated, and so we can divide the group into free and
torsion parts. It is generally much harder to determine the free part of the Mordell–
Weil group. The following conjecture is essentially a bridge, between the arithmetic
of the free part of E(K) and the analysis of the L-function L(E/K, s).
Conjecture 2.31 (Birch and Swinnerton-Dyer). Let E be an elliptic curve defined
over a number field K. We assume theHasse–Weil L-series of E/K hasmeromorphic
continuation to all of C (cf. Conjecture 2.22).
(i) The rank r of the curve E is equal to the order of zero of the Hasse–Weil
L-function of E over K at s  1, i.e., r  ords1 L(E/K, s).
(ii) The leading coefficient of L(E/K, s) at s  1 is
BSD(E/K) :
#X(E/K) · Reg(E/K) · P(E/K)
(#E(K)tors)2
. (2.9)
One of curious things which can be revealed at a glance is that Conjecture
2.31 was formulated upon another conjectures: in order to evaluate the L-function
at s  1, we need the analytic continuity property of the L-function, and in the
formula (2.9), one need the finiteness of the Tate–Shafarevich group X(E/K). In
[Tat74], Tate wrote on the BSD conjecture:
“This remarkable conjecture relates the behavior of a function L at
a point where it is not at present known to be defined to the order of
the groupXwhich is not known to be finite!"6
In fact, the latter is a conjecture of Tate and Shafarevich.
Conjecture 2.32 (Tate–Shafarevich). For any elliptic curves E over K, the Tate–
Shafarevich groupX(E/K) is finite.
6[Tat74], p. 198.
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The other quantities in the formula (2.9) are already defined in this dissertation.
Recall Reg(E/K) is the elliptic regulator for E/K defined in 2.6. One thing we define
now is the invariant P(E/K).






















1 − apT + qpT2 if E/K has good reduction at p,
1 − T if E/K has split multiplicative reduction at p,
1 + T if E/K has non-split multiplicative reduction at p,
1 if E/K has additive reduction at p,
and ω is an invariant differential for E/K.
This definition does not depend on the choice of the invariant differential. By the
change of variables formula 2.1, two distinct invariant differentials ω and ω′ for E/K
are related as ω′  uω for some u ∈ K×. But then changing ω −→ ω′ only modifies
P(E/K) by the factor of
∏
p |u |p  1, by the product formula (cf. Proposition III.1.3
in [Neu99]).
When E/K has a Néron differential, which is possible when E/K has a global
minimal model, then the P(E/K) can be expressed in a simpler way. By computing










|ωp | · | disc(K) |−1/2 ,
where disc(K) is the absolute discriminant of the field K/Q. Note the appearance
of the Tamagawa numbers Cp  [E(Kp) : E0(Kp)]. Some authors avoid using this
complicated formula for P(E/K) and simply express the BSD formula 2.9 as follows,
at least when E/K has a Néron differential.
BSD(E/K) 
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Chapter 3
Differing isogenies of optimal
curves
“I don’t know where I’m going
from here, but I promise it
won’t be boring.”
David Bowie
3.1 Optimal curves and étale isogenies
Let E/Q be an elliptic curve. By Wiles’ theorem 2.29, we know the existence of a
newform f such that
L(E/Q, s)  L( f , s)  L(E f /Q, s).
The curve E f is isogenous to E, and it is called the X0(N)-optimal curve of the isogeny
class C of E (or, in a slightly older terminology, strong Weil curve (for X0(N))).
In [Ste], Stevens suggested that modular parametrisation for E of the curve
X1(N) is better and has simple properties than of X0(N). We can also define optimal
curves for X1(N) by a similar fashion. In this section, we review these modular
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parametrisations and some conjectural intrinsic characterisation for X1(N)-optimal
curves.
We define Xi (N)-optimal curves for i  0, 1 more precisely.
Proposition 3.1. Let C be an isogeny class of modular elliptic curves with conductor N .
For i  0, 1, there is a unique curve Ei and a parametrisation πi : Xi (N) −→ Ei satisfying
the following equivalent properties.
(i) For any E ∈ C and for any parametrisation π : Xi (N) −→ E, there exists an isogeny









(ii) The induced map on homology groups H1(Xi (N)(C),Z) −→ H1(Ei (C),Z) is sur-
jective.
(iii) The induced map Ei  Pic0(Ei) −→ Pic0(Xi (N)) : Ji (N) is injective.
Proof. [Maz72a], Lemme 3. 
Definition. The unique curveEi in the above proposition is called the Xi (N)-optimal
curve in C.
One of the main reason Stevens voted for X1(N)-optimal curves is, at least
conjecturally, X1(N)-optimal curves are classified intrinsically, without refering to
modular parametrisations, in terms of étale isogenies. In order to look at Stevens’
arguments, we need to settle the definition and some properties of étale isogenies.
Definition. An isogeny φ : E −→ E′ of elliptic curves over Q is called étale if its
extension to Néron models is an étale morphism.
An étale morphism is defined by a smooth morphism of relative dimension 0 and
is an algebro-geometric analogue of local isomorphisms in topology. For detailed
illustrations of étale morphisms, see [BLR] §III.2, [Mil80] chapter I, or [Fu] chapter
II.
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Proposition 3.2. Let φ : E −→ E′ be an isogeny over Q, and let φZ : EZ −→ E′Z be its
extension to Néron models. Let ω (resp. ω′) be the Néron differential for E (resp. for E′).
(i) The isogeny φ is étale if and only if φ induces an isomorphism on Néron differentials






(ii) We have φ∗ω′  nφω, for some nonzero nφ ∈ Z. Then the isogeny φ is étale if and
only if nφ  ±1.
(iii) If φ is any isogeny of prime degree, then precisely one of φ or its dual φ′ is étale.
(iv) The composition of two étale isogenies is also étale.
(v) Suppose that φ is a cyclic isogeny1 of odd prime degree `. Then it is étale if and only
if its kernel is isomorphic to Z/`Z as a GQ-module.
Proof. (i), (ii) For a morphism f : Y −→ X of schemes, byΩ1Y/X we denote the sheaf
of relative Kähler differentials with respect to the morphism f . Suppose we have







of schemes. Then we have the exact sequence





(Proposition II.5.4 in [Fu]). If f is étale, then it is of relative dimension 0, and
thus Ω1Y/X  0. In particular when Y  EZ, X  E
′
Z and S  Spec Z, we have




)  Zω′, it follows that nφ  ±1. The converse
is similar.
(iii) Since φ′ ◦ φ  [`] for some prime `, and [`]∗ω  `ω (Corollary III.5.3 in
[Sil09]), we have either nφ  ±1 or nφ′  ±1.
(iv) This follows from the same property of étale morphisms.
(v) This follows from the classification of étale group schemes. 
1An isogeny is cyclic if its kernel is a cyclic group.
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We can choose another representative among the curves in the isogeny class
C other than optimal curves. Étale isogenies play a crucial role to pick such a
representative.
Theorem 3.3 (Stevens). In any isogeny class C of elliptic curves over Q, there is a unique
curve Emin satisfying the following equivalent condition.
(i) For every E ∈ C, there is an étale isogeny φ : Emin −→ E.










where ω is the Néron differential on E.
(iii) For every E ∈ C, we have H(Emin) ≤ H(E), where H(E) is the Faltings–Parshin













where ω is the Néron differential on E.
Proof. [Ste], Theorem 2.3. 
It turns out that the étale minimal curve Emin is closely related to X1(N)-optimal
curve E1. In fact, Stevens conjectured that they are actually the same.
Conjecture 3.4 (Stevens). In every isogeny class C of curves of conductor N over Q,
the X1(N)-optimal curve E1 is equal to Emin.
Later, Vatsal showed the conjecture is true up to an isogeny of degree a power
of 2, when the conductor N is square-free.
Theorem 3.5 (Vatsal). Suppose that the isogeny class C consists of semi-stable curves. The
étale isogeny φ : Emin −→ E1 has degree a power of two.
Proof. [Vat], Theorem 1.10. 
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3.2 Differing isogenies: Stein–Watkins conjecture
It seems that for most isogeny classes C, the optimal curves E0 and E1 are the same.
However, there are also several examples of isogeny classes with non-isomorphic
optimal curves. For example, E0  X0(11) and E1  X1(11) differ by a 5-isogeny.
Based on numerical computations, Stein and Watkins [StWa02] made a precise
conjecture which classifies isogeny classes with non-isomorphic optimal curves.
According to [StWa02], in any isogeny class C, the optimal curves E0 and E1 are only
isogenous by an isogeny of degree 1 (when E0  E1), 2n for some n ≥ 1, 3, or 5.
Conjecture 3.6 (Stein–Watkins).
(i) There are three major cases when the optimal curves differ by a 2-isogeny.
(a) Neumann–Setzer curves; parametrised by c4  p − 16 and c6  u(p + 8),
with the discriminant p  u2 + 64 being a prime and u being taken to be
congruent to 3 modulo 4.
(b) Curves parametrised by c4  16P − 16 and c6  4v(16P + 8) with v ≡ 3
(mod 4) and P being prime. The conductor is 4P.
(c) Curves parametrised by c4  PQ + 16 and c6  (P + 8)(PQ − 8) with P
and Q  P + 16 both being primes.
(ii) E0 and E1 differ by a 3-isogeny if and only if there is an elliptic curve E ∈ C
given by
c4  (n + 3)(n3 + 9n2 + 27n + 3)
and
c6  −(n6 + 18n5 + 135n4 + 504n3 + 891n2 + 486n − 27),
with discriminant being n(n2 + 9n + 27), where n2 + 9n + 27 is a prime power
and n has no prime factors congruent to 1 modulo 6.
(iii) E0 and E1 differ by a 5-isogeny if and only if the isogeny class is ‘11a’.
Many mathematicians including Stein andWatkins themselves have been inter-
ested in Neumann–Setzer curves. Systematic investigations are begun by Neumann
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([Neum]) and Setzer ([Set]). They proved that for each prime p  u2 + 64, there are
actually two curves in the isogeny class (cf. Theorem 2 in [Set]), namely
SN A(p) : y2 + x y  x3 + u − 1
4
x2 + 4x + u ,
and
SN B(p) : y2 + x y  x3 + u − 1
4
x2 − x
(notations followed from [MeOe]; they actually take the convention u ≡ 1 (mod 4)).
In [MeOe], Mestre and Oesterlé showed SN A(p) is the X0(p)-optimal curve in the
isogeny class. Much later, in [StWa04], Stein and Watkins proved that the curve
SN B(p) has smaller Faltings–Parshin height than SN A(p), i.e., SN B(p) is the étale
minimal curve, and in fact SN B(p) is X1(p)-optimal.
In [ByYh13], Byeon and Yhee proved that the Stein–Watkins conjecture for the
case of 3-isogeny (3.6 (ii)) needs to be modified slightly, and the modified conjecture
is true.
Theorem 3.7 (Byeon–Yhee; Theorem 1.1 in [ByYh13]). Let C be an isogeny class of
elliptic curves over Q of conductor N . Consider the following statements:
(i) there is an elliptic curve E ∈ C given by y2 + (n + 3)x y + y  x3 where n is an
integer such that n2 +9n +27 is a prime power and n has no prime factors congruent
to 1 modulo 6,
(ii) optimal curves E0 and E1 in C differ by a 3-isogeny.
Then (i) implies (ii), and if N is square-free and 3 - N , then (ii) also implies (i).
Remark. The unmodified original conjecture made by Stein and Watkins for this
case claimed the equivalence of (i) and (ii).
The goal of this chapter is to prove the following analogue for the 5-isogeny
case.
Theorem 3.8 (Main theorem for Chapter 3). For i  0, 1, let Ei be the Xi (N)-optimal
curve of an isogeny class C of elliptic curves defined over Q of conductor N . Suppose that
N is square-free and 5 - N . Then E0 and E1 differ by a 5-isogeny if and only if E0  X0(11)
and E1  X1(11).
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Remark. We also have altered the original conjecture as in Byeon–Yhee Theorem 3.7
to insist N is square-free and not divisible by 5. Otherwise the conjecture is not true.
For example, assuming Stevens’s conjecture 3.4, consider the isogeny class ‘33825be’
in Cremona’s database of elliptic curves ([Cre]). In this case, the curves ‘33825be1’
and ‘33825be3’ are X0(33825)- and X1(33825)-optimal curves, respectively.
3.3 Falsity of Hadano’s conjecture
Let E be an elliptic curve over Q of conductor N having a rational torsion point of
order n and p be a prime dividing n. In [Had], Hadano considered whether the
p-isogenous curve E′ to E possesses a rational torsion point of order n again. In this
section, we consider the case when n  p  5. For this case, Hadano’s work can be
restated as following.
When a rational elliptic curve E has a rational 5-torsion point, we can take a
Weierstrass equation for E as follows:
y2 + (v − u)x y − uv2 y  x3 − uvx2 (3.1)
where u , v ∈ Z with gcd(u , v)  1 and u > 0. Note that the discriminant ∆ of E is
given by
∆  u5v5(u2 − 11uv − v2)
and the rational torsion subgroup is
T 
{
∞, (0, 0), (uv , u2v), (uv , 0), (0, uv2)
}
.
Lemma 3.9. The Weierstrass equation of the form (3.1) with u , v ∈ Z, gcd(u , v)  1, and
u > 0 is minimal.
Proof. Weonlyneed to check theminimality of the equation (3.1) for primesdividing
∆  u5v5(u2 − 11uv − v2). For primes p dividing uv, we can obtain minimality by
simply looking at the order of the constant c4: indeed, ordp c4  0. Suppose that a
prime p divides (u2 − 11uv − v2), and assume ordp ∆  ordp (u2 − 11uv − v2) ≥ 12.
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Note that in this case p can divide neither u nor v, because gcd(u , v)  1. Since
c4  u4 − 12u3v + 14u2v2 + 12uv3 + v4, by dividing c4 by u2 − 11uv − v2, we have
c4  (u2 − 11uv − v2)(−4u2 − uv − v2) + 5u3(u − 11v).
If p | c4, then we must have p  5 or p | (u − 11v) (or both). If p | (u − 11v), then
since u2 − 11uv − v2  (u − 11v)u − v2, we must have p | v, a contradiction. Thus,
in any remaining cases, we have ordp c4 ≤ 1, and hence the equation is minimal at
p. 
Let E′ be an elliptic curve defined by E′  E/T. We use Vélu’s formula to find
a Weierstrass equation for E′ (cf. [MMR]). Applying to Equation (3.1), we get a
Weierstrass equation for E′ of the following form:
y2 + (v − u)x y − uv2 y
 x3 − uvx2 + (5uv3 − 10u2v2 − 5u3v)x
+ (uv5 − 15u2v4 + 5u3v3 − 10u4v2 − u5v) (3.2)
with discriminant ∆′  uv(u2 − 11uv − v2)5.
Lemma 3.10. The Weierstrass equation (3.2) with u , v ∈ Z, gcd(u , v)  1, and u > 0 is
minimal, possibly outside of the prime p  5.
Proof. We only need to consider for primes p dividing ∆′  uv(u2 − 11uv − v2)5.
Note that the c4-invariant c′4 of E
′ is given as follows:
c′4  u
4
+ 228u3v + 494u2v2 − 228uv3 + v4
 (u2 − 11uv − v2)(−3124u2 + 239uv − v2) + 55u3(u − 11v).
If p divides uv, then because gcd(u , v)  1, the invariant c′4 has order 0 at p and thus
the equation is minimal at p. Suppose that p divides u2−11uv−v2. In order to show
minimality, assume to the contrary that ordp (u2 − 11uv − v2) ≥ 3 and ordp c′4 ≥ 4.
As p - u and p - v, and since u2 − 11uv − v2  (u − 11v)u − v2, we must have p  5
and p - (u − 11v). 
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Remark. Suppose that the equation (3.2) is not minimal at p  5. This is equivalent
to say that 5 - uv, ord5 ∆′ ≥ 12 and ord5 c′4 ≥ 4. Using the formula for c
′
4 given in the
proof above, we can see that ord5 c′4 must be exactly 5. So the minimal discriminant
of E′ is exactly ∆′/512 in this case.
In order that E′ has a rational point of order 5 again, the equation must be
transformed into the form
y2 + (V −U)x y −UV2 y  x3 −UVx2 (3.3)
for some U,V ∈ Z with (U,V)  1 and U > 0. Since the equations (3.2) and (3.3)
must define the same curve, we can compare their discriminants and c4-invariants.
Since the equation (3.3) is minimal (cf. Lemma 3.9), we have
uv(u2 − 11uv − v2)5  512kU5V5(U2 − 11UV − V2) (3.4)
and
v4−228uv3+494u2v2+228u3v+u4  54k (V4+12UV3+14U2V2−12U3V+U4), (3.5)
for some k ∈ {0, 1} chosen accordingly whether the equation (3.2) is minimal or not.
Let r  u
2
− 11uv − v2
UV
∈ Q. Then we have
UVr  u2 − 11uv − v2 ,
uvr5  512k (U2 − 11UV − V2).
(3.6)
Set s  v/u ∈ Q. If we write f (x , y)  x2−11x y− y2, then the right hand side of the
equation (3.5) can be written as 54k ( f (U,V)2 + 10UV f (U,V) + 5U2V2). We divide
both sides of (3.5) by u4 and considering the formulae (3.6) to obtain














u2v2r12 + 10 · 512k uv f (u , v)r6 + 5 · 524k f (u , v)2
520k r2u4

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s4 − 228s3 + 494s2 + 228s + 1
)
 s2r12 + 2 · 512k+1(s − 11s2 − s3)r6 + 524k+1(1 − 22s + 119s2 + 22s3 + s4). (3.8)
Moreover when k  0, we get a simpler equation(











Since r ∈ Q, we drop the last factor to get(




s2 − 1 + (r5 + 5r4 + 15r3 + 25r2 + 25r + 11)s
)
 0,
so if we make a substitution r + 1  t or r − 1  t, the above equation is equivalent
to
s2 + (t4 + 5t2 + 5)st  1. (3.9)
Unlike the case k  0, when k  1, we cannot reduce the equation (3.8) to a simpler
one.
In [Had], Hadano only considered the case k  0, and made the following
proposition. We slightly modify his proposition to cover all possible cases.
Proposition 3.11 (Hadano). If a rational elliptic curve E of conductor N has a rational
point P of order 5 andE′ : E/〈P〉 has a rational point of order 5 again, then theDiophantine
equation (3.8) has a rational solution in (r, s) (especially, the Diophantine equation (3.9)
has a rational solution in (s , t) when k  0).
We can observe that the Diophantine equation (3.9) has trivial solutions (s , t) 
(±1, 0) and these trivial solutions correspond to the elliptic curves E  X1(11)
and E′  X0(11). Based on this observation and Proposition 3.11, Hadano [Had]
conjectured the following.
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Conjecture 3.12 (Hadano). TheDiophantine equation (3.9) has only trivial solutions
(s , t)  (±1, 0). In particular, if a rational elliptic curve E has a rational point P of
order 5 and E′ : E/〈P〉 has a rational point of order 5 again, then we must have
E′  X0(11) and E  X1(11).
Rubin and Silverberg [RuSi] considered some families of elliptic curves with
constant mod-p representations. In particular, following Klein, they defined an
elliptic curve Bu over Q(u) as follows:
Bu : y2  x3 −




u30 + 522u25 − 10005u20 − 10005u10 − 522u5 + 1
864
.
The curve Bu has the property that Bu[5]  (Z/5Z)⊕µ5 asGal(Q(u)/Q(u))-module.
Using this curve, we show that the conjecture of Hadano is not true.
Theorem 3.13. Hadano’s conjecture is not true.
Proof. By substituting a special value u ∈ Q, we get an elliptic curve defined over
Q which has its full 5-torsion subgroup isomorphic to (Z/5Z) ⊕ µ5 as GQ-module.
Hence, at least in case that Bu gives a semistable curve, we have a sequence of elliptic
curves with étale isogenies
Bu/µ5 → Bu → Bu/(Z/5Z).
More concretely, if we substitute u  3, then the curve Bu becomes the semistable
curve ‘185163a2’ in Cremona’s database, and we have
185163a1→ 185163a2→ 185163a3,
where all arrows indicate étale isogenies. This sequence corresponds to the solution
s  −1/243 and t  −8/3 of the Diophantine equation (3.9). So Hadano’s conjecture
is not true. 
Remark. In the case k  1, we have the following example. Consider elliptic curve
Bu with u  2. This gives a sequence
‘550k3’→ ‘550k2’→ ‘550k1’.
This curve corresponds to the solution (r, s)  (125/2,−1/32) in the equation (3.8).
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3.4 Proof of the main theorem
We need the following theorem of Dummigan.
Theorem 3.14 (Dummigan; Therem 1.2 in [Dum]). Let E ∈ C be an elliptic curve
defined over Q of square-free conductor N with a rational point of order ` - N . Then E0 ∈ C
has a rational point of order `.
Let f be the newform associated to an elliptic curve E of conductor N . Consider
the case that N is square-free. For d | N , let Wd be the Atkin–Lehner involution and
let wd  ±1 be such that Wd f  wd f (cf. [AtLe]). We note that for primes p | N ,
wp  −1 or +1 according as the multiplicative reduction at p is split or non-split,
respectively.
Proposition 3.15. Let E0 be the X0(N)-optimal curve of an isogeny class C of elliptic
curves defined over Q of conductor N and ` be an odd prime. Suppose that N is square-free
and ` - N . If µ` ⊂ E0[`], then there is only one prime p | N such that wp  −1.
Proof. By Theorem 1.1 in [Vat], µ` ⊂ E0[`] must be contained in the Shimura sub-
group Σ(N) of J0(N). By Theorem 1 of [LiOe], Σ(N) is isomorphic to a subgroup
of Hom((Z/NZ)× ,U), where U is the group of complex numbers of modulus 1.
So µ` is isomorphic to a subgroup of Hom((Z/pZ)× ,U) for a prime p | N such
that p ≡ 1 (mod `). We know that wp  −1 because p ≡ 1 (mod `) implies that
E0 has split multiplicative reduction at p. By Theorem 3 of [LiOe], Wp acts on µ`
by multiplication −1 and Wq acts trivially on µ` for primes q , p and q | N . This
implies that wp  −1 and wq  1 for primes q , p and q | N . 
Proof of Theorem 3.8. The Q-isogeny class of X0(11) consists of 3 elliptic curves
‘11a1’  X0(11), ‘11a2’  X0(11)/(Z/5Z) and ‘11a3’  X0(11)/µ5  X1(11) (cf.
Cremona’s database [Cre]). So we have rational étale isogenies
‘11a3’ −→ ‘11a1’ −→ ‘11a2’.
Hence X0(11)- and X1(11)-optimal curves differ by a 5-isogeny.
3.4. PROOF OF THE MAIN THEOREM 57
Now, let C be an isogeny class of elliptic curves over Q with a square-free
conductor N which is not divisible by 5. Suppose that E0 and E1 differ by a 5-
isogeny. Then by Vatsal’s theorem (Theorem 3.5), there is an étale rational 5-isogeny
E1 −→ E0. So E1 contains a rational point of order 5. By Dummigan’s theorem
(Theorem 3.14), E0 also contains a rational point of order 5 and by taking the
quotient by the subgroup it generates, we can find another curve E′ ∈ C. We know
that E′ has no rational 5-torsion points (cf. [Ken]). So we have the following diagram
of curves and étale 5-isogenies:
E1 −→ E0 −→ E′.
As E1 has a rational point of order 5, the curve E1 has a Weierstrass equation of
the form
y2 + (v − u)x y − uv2 y  x3 − uvx2 ,
where u , v ∈ Z with gcd(u , v)  1. As we have assumed 5 - N , we can invoke
Hadano’s consideration (cf. §3.3) with k  0. Since wp  −1 for each prime p
dividing uv, we must conclude that uv is divisible by at most one prime p, by
Proposition 3.15. Suppose that uv  ±1. Invoking Hadano’s consideration, our
sequence of curves with étale isogenies E1 −→ E0 −→ E′ corresponds to finding a
rational solution (s , t) ∈ Q × Q of equation (3.9) with an additional condition of
s  v/u  ±1. Since the polynomial equation t4 + 5t2 + 5 does not admit rational
solutions, we must have t  1 and this solution gives E0  X0(11) and E1  X1(11).
Now, it remains to deal with the case uv  ±p for some prime p. Hadano’s
diophantine equation (3.9) in this case has the form
p2 ± p(t4 + 5t2 + 5)t  1.
Changing this equation into a homogeneous form and viewing it mod p, we easily
deduce that it does not admit a rational solution in t ∈ Q. 
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Chapter 4
Gross–Zagier conjecture
“From life’s school of war: what
does not kill me makes me
stronger.”
Friedrich Nietzsche,
Twilight of the Idols, or, How to
Philosophize with a Hammer
4.1 Statement of the conjecture
The goal of this chapter is to prove a conjecture made by Gross and Zagier in [GrZa]
concerning certain divisibility among arithmetic invariants of elliptic curves. This
gives a theoretical evidence to the “strong form” of Birch and Swinnerton-Dyer
conjecture 2.31, predicting that the leading coefficient of the Hasse–Weil L-function
of an elliptic curve encodes some precise arithmetic invariants attached to the curve.
In [GrZa], Gross and Zagier gave a formula for the first derivative at s  1 of
the L-series of certain modular forms. In particular, they transferred the formula to
the realm of L-functions of elliptic curves, under the modularity assumption (see
Theorem 2.29). So let E be an elliptic curve defined over Q with conductor N . For
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a negative square-free integer d, we consider the quadratic twist Ed of E which is
in general not isomorphic to E over Q but becomes isomorphic over the imaginary
quadratic field K  Q(
√
d). We denote the discriminant of K over Q by disc(K)
which is equal to d when d ≡ 1 (mod 4) and to 4d otherwise. We also assume a
close relation between E and K in such a way that each prime number dividing
N splits completely in K. This is called the Heegner condition or Heegner hypothesis
in the literature, which we assume throughout this chapter. The corresponding
L-functions are also strongly related: we have L(E/K, s)  L(E/Q, s) · L(Ed/Q, s).
By computing root numbers, the Heegner condition forces that L(E/K, 1)  0.
Throughout this chapter, we use the following notations.
• N is the conductor of E.
• ω is theNéron differential of E over Q and ‖ω‖2 :
∫
E(C) |ω∧ω | is the complex
period.
• PK ∈ E(K) is the Heegner point over K. This depends on the elliptic curve and
its modular parametrisation chosen.
• 2uK is the number of roots of unity contained in the field K. uK  1 for all
imaginary quadratic fields K except when K  Q(
√
−1) and K  Q(
√
−3), in
these cases we have uK  2 and uK  3 respectively.
• C is the Tamagawa number of E over Q which is defined by the product C ∏
p |N Cp of all local Tamagawa numbers, where Cp  [E(Qp) : E0(Qp)].
Now themain theoremofGross andZagier ([GrZa], Theorem I.6.3) has the following
consequence.
Theorem4.1 ([GrZa], Theorem I.7.3 andV.2.1). LetE/Q be an elliptic curve of conductor
N , and let K be an imaginary quadratic field satisfying the Heegner hypothesis. Assume
that L(E/K, 1)  0. Then,
L′(E/K, 1)  ‖ω‖
2
· ĥ(PK)
M2 · u2K · | disc(K) |1/2
. (4.1)
In particular, ords1 L(E/K, s)  1 if and only if PK has infinite order.
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Assume that ords1 L(E/K, s)  1 here and thereafter (thus PK has infinite
order). Then the rank r  rank E(K) must be greater than or equal to 1. We invoke
here Kolyvagin’s amendment to the Gross–Zagier theorem.
Theorem 4.2 (Kolyvagin; Theorem 5 in [Kol]). If ords1 L(E/K, s)  1, then r  1 and
X(E/K) is finite.
Now recall the Birch and Swinnerton-Dyer conjecture 2.31 for E over the imagi-
nary quadratic field K.
Conjecture 4.3 (Birch and Swinnerton-Dyer). If ords1 L(E/K, s)  1, then
L′(E/K, s)  BSDE/K 






Let us investigate the terms in the formula (4.2) more closely. First, we want to
express Reg(E/K) in terms of ĥ(PK). We need to be careful because PK need not be
a generator for the 1-dimensional free part E(K)/E(K)tors. Put P to be a generator





















|ω ∧ ω |  ‖ω‖2.




[E(Kp) : E0(Kp)] 
∏
p |N
[E(Qp) : E0(Qp)]2 ,
by considering Heegner hypothesis (any prime p | N must split completely in K).
For simplicity, we write Cp : [E(Qp) : E0(Qp)] and C 
∏
p |N Cp . Then we have
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C(E/K)  C2. Using these notations and conventions, we can restate the formula
(4.2) as
BSDE/K 
#X(E/K) · ĥ(PK) · C2 · ‖ω‖2




Equating the above two formulae (4.1) and (4.3), Gross and Zagier obtained the
following conjecture.
Conjecture 4.4 (Strong Gross–Zagier Conjecture; [GrZa], Conjecture V.2.2).
[E(K) : ZPK]  uK · C ·M · (#X(E/K))1/2 . (4.4)
As the order of the rational torsion subgroup E(Q)tors clearly divides the index
[E(K) : ZPK], they also obtained a weaker version of the conjecture, which we call
“the Gross–Zagier conjecture” throughout this chapter.
Conjecture 4.5 (Weak Gross–Zagier Conjecture; [GrZa], Conjecture V.2.3). The in-
teger uK · C ·M · (#X(E/K))1/2 is divisible by #E(Q)tors.1
4.2 Previous results and Main theorem
Rational torsion subgroups of elliptic curves E over Q are completely classified by
Mazur, see §2.3 or [Maz78]: E(Q)tors is isomorphic to one of the following groups:


Z/nZ for 1 ≤ n ≤ 10, n  12,
Z/2Z ⊕ Z/nZ for n  2, 4, 6, 8.
In [Lor], Lorenzini obtained the following theorem.
Theorem 4.6 ([Lor], Proposition 1.1). Let E be an elliptic curve defined over Q with a
Q-rational point of order k. Then the following statements hold.2
(i) If k  4, then 2 | C, except for ‘15a7’, ‘15a8’, and ‘17a4’.
1Note that the order ofX(E/K) is finite due to Kolyvagin’s theorem (see [Kol]), and that
it follows that it is square by Cassels–Tate pairing (e.g. Theorem X.4.14 in [Sil09]).
2The exceptions are given by their labels in Cremona’s table [Cre].
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(ii) If k  5, 6, or 12, then k | C, except for ‘11a3’, ‘14a4’, ‘14a6’, and ‘20a2’.
(iii) If k  7, 8, or 9, then k2 | C, except for ‘15a4’, ‘21a3’, ‘26b1’, ‘42a1’, ‘48a6’, ‘54b3’,
and ‘102b1’.
(iv) If k  10, then 50 | C.
Without exception, k | C if k  7, 8, 9, 10 or 12.
For the exceptions of above proposition, we can check that #E(Q)tors divides
C ·M, except for ‘15a7’, which is considered in §4.6. So the only remaining cases for
the validity of the conjecture are those when E(Q)tors is isomorphic to the following
4 groups: Z/2Z, Z/3Z, Z/4Z, Z/2Z ⊕ Z/2Z, Z/2Z ⊕ Z/4Z, and Z/2Z ⊕ Z/6Z.
Among these remainders, when E(Q)tors has a point of order 3, i.e., when
E(Q)tors  Z/3Z or E(Q)tors  Z/2Z ⊕ Z/6Z, the truth of Gross–Zagier conjec-
ture was dealt by Byeon and Yhee in [BKY]. Our goal here is to prove yet remaining
cases, thus to complete the proof of the conjecture.
Theorem 4.7 (Main theorem for Chapter 4). Let E be an elliptic curve defined over Q
such that the rational torsion subgroup E(Q)tors is isomorphic to one of the 4 groups: Z/2Z,
Z/4Z, Z/2Z ⊕ Z/2Z, and Z/2Z ⊕ Z/4Z. Let K be an imaginary quadratic field such that
E(K) is of (analytic) rank 1 and that K satisfies the Heegner condition. Then the conjecture
4.5 is true, i.e., #E(Q)tors divides C ·M · uk · (#X(E/K))1/2.
The proof will be given in a separated manner in §§ 4.4 – 4.7.
4.3 Preliminaries
4.3.1 Kramer’s formula
In this subsection we introduce a formula of Kramer [Kra], and discuss how to
measure the size of the Tate–Shafarevich group of elliptic curve making use of it.
The purpose of this subsection is to provide a tool to show the main theorem for
the cases E(Q)tors  Z/2Z or Z/4Z. Thus, throughout this subsection, we assume
E(Q)tors  Z/2Z or Z/4Z, and consequently E(Q)[2]  Z/2Z.
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Since the Tate–Shafarevich group X(E/K) is finite (Theorem 5 in [Kol]), its
2-primary part X(E/K)[2∞] has perfect square order. So if we find a non-trivial
element inX(E/K)[2], (or equivalently dimF2 X(E/K)[2] ≥ 1), we can immediately
see that 2 | (#X(E/K))1/2. So in this subsection, we are concentrating on how to
find such a non-trivial element.
Let p be a prime number. We use the following notations.
• The local norm index of E at p is
ip  dimF2 coker NormKp/Qp  dimF2 E(Qp)/NormKp/Qp E(Kp),















This group is called the everywhere-local norm group. Here Sel2(E/Kp) denotes
the image of the group E(Kp)/2E(Kp) in H1(Kp , E[2]) (cf. §2.6).
• NS′ is the image of the normmap Sel2(E/K) −→ Sel2(E/Q), which we do not
need in this paper.
Theorem 4.8 ([Kra], Theorem 1). The dimension of X(E/K)[2] (over F2) is equal to∑
i` + dimF2 Φ + dimF2 NS′ − rank E(K) − 2 dimF2 E(Q)[2],
where the sum is taken over all primes (including infinity) of Q.
Back to our case. Because rank E(K)  1 and E(Q)[2]  Z/2Z, by Theorem 4.8,
dimF2 X(E/K)[2] ≥ 1 if and only if the quantity∑
i` + dimF2 Φ + dimF2 NS′
is greater than or equal to 4.
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Local norm indices
For general introduction and useful facts about the numbers i` , we refer to §4 of
[Maz72b] and §2 of [Kra]. We only concern those numbers relevant to our situation.
The proof of the following proposition can be found in §2 of [Kra].
Proposition 4.9. Let E be an elliptic curve over Q with E(Q)[2]  Z/2Z, and with
minimal discriminant ∆min and let K  Q(
√
d) be an imaginary quadratic field satisfying
the Heegner hypothesis. The local norm indices i` for various primes ` are given as follows.
(i) One has i∞ 


0 if ∆min < 0,
1 if ∆min > 0.
(ii) Let p be an odd prime. If p is a good prime for E and is ramified in K, then one has
ip  dimF2 E[2](k), where k is the residue field of Qp . Otherwise one has ip  0.




2 if (∆min , d)Q2  +1,
1 if (∆min , d)Q2  −1,
where (−,−)Q2 denotes the Hilbert norm-residue symbol. Otherwise, one has i2  0.
Question 4.10. Can we find such formulae for i` for other cases?
Everywhere-local norm group
Now we provide a way to compute the everywhere-local norm group Φ. The fol-
lowing is the key.
Proposition 4.11 ([Kra], Proposition 7). The everywhere-local norm group Φ is the
intersection of Sel2(E/Q) and Sel2(Ed/Q) inside H1(Q, E[2])  H1(Q, Ed[2]), where Ed
is the quadratic twist of E by d.
Let Ed be the quadratic twist of E by d. In particular, suppose E is defined by the
Weierstrass equation
y2  x3 + Ax2 + Bx , (4.5)
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which has discriminant ∆  24B2(A2 − 4B). Then Ed has the Weierstrass equation
of the form
y2  x3 + Adx2 + Bd2x. (4.6)
The discriminant of the above equation (4.6) is given by ∆d  16d6B2(A2 − 4B).
Proposition 4.12. The 2-torsion subgroups E[2] and Ed[2] are canonically isomorphic
as Gal(Q|Q)-modules. Consequently, the Galois cohomology groups H•(Q, E[2]) and
H•(Q, Ed[2]) are isomorphic. In the sequel, we identify
H1(Q, E[2])  H1(Q, Ed[2]).
Proof. In terms of the equations (4.5) and (4.6), the Galois-equivariant isomorphism
E[2] −→ Ed[2] is given by (t , 0) 7−→ (dt , 0). 
Denote by P (resp. Pd) the rational torsion point of order 2 in E (resp. Ed)
corresponding to (0, 0) in Equation (4.5) (resp. (0, 0) in Equation (4.6)). Let E′ (resp.
E′d) be the elliptic curve E/〈P〉 (resp. Ed/〈Pd〉) and let φ (resp. φd) be the canonical
quotient 2-isogeny E −→ E′ (resp. Ed −→ E′d).
Proposition 4.13. There are canonical homomorphisms
H1(Q, E[φ]) −→ H1(Q, E[2]), and H1(Q, Ed[φd]) −→ H1(Q, Ed[2]),
and they induce
Selφ (E/Q) −→ Sel2(E/Q), and Selφd (Ed/Q) −→ Sel2(Ed/Q).
Proof. If we denote the unique dual rational 2-isogeny of φ by φ′, then we have a
canonical exact sequence
0 −→ E[φ] −→ E[2] −→ E′[φ′] −→ 0. (4.7)
This defines a canonical map H1(Q, E[φ]) −→ H1(Q, E[2]) on cohomology groups,
and it does restrict to Selφ (E/Q) to give the map Selφ (E/Q) −→ Sel2(E/Q). For Ed
and φd the proof is mutatis mutandis the same. 
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Proposition 4.14. There are canoncial isomorphisms
H1(Q, E[φ])  Q×/Q×2 and H1(Q, Ed[φd])  Q×/Q×2.












H1(Q, Ed[φd]) // H1(Q, Ed[2])
where the vertical map in the middle is induced by the canonical isomorphism in the
Proposition 4.12.
Proof. Clearly the isomorphisms µ2 −→ E[φ] and µ2 −→ Ed[φd] are compatible in
the sense the left triangle of the diagram commutes. By Kummer theory we know
H1(Q, µ2)  Q×/Q×2, whence the result follows. 
Proposition 4.15. Let G be the subgroup of Q×/Q×2 generated by the class of A2 −
4B. Then G is the kernel of the homomorphisms H1(Q, E[φ]) −→ H1(Q, E[2]) and
H1(Q, Ed[φd]) −→ H1(Q, Ed[2]). Thus,
ker
(
Selφ (E/Q) −→ Sel2(E/Q)
)




Selφd (Ed/Q) −→ Sel2(Ed/Q)
)
 G ∩ Selφd (Ed/Q) ⊂ Selφ (Ed/Q).
Proof. We only give a proof for E and φ. For Ed and φd , everything is the same
under making certain notational change. From the short exact sequence (4.7), we
have the long exact sequence of cohomology groups:
0 −→ E(Q)[φ] −→ E(Q)[2] −→ E′(Q)[φ′]
η
−→ H1(Q, E[φ]) −→ H1(Q, E[2]) −→ H1(Q, E′[φ′]) −→ · · ·
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Because we only consider those elliptic curves with E(Q)[φ]  E(Q)[2], the map
E(Q)[2] −→ E′(Q)[φ′] is the zeromap, and this again forcesus that η : E′(Q)[φ′] −→




is the kernel of H1(Q, E[φ]) −→
H1(Q, E[2]).
We claim that this kernel is equal to G. Write E(Q)[2]  {O , P,Q , P + Q}, where
O is the identity of E and P ∈ E(Q), and similarly write E′(Q)[φ′]  {O′, T}, where
O′ is the identity of E′. Clearly T ∈ E′(Q). Since E(Q)[2] −→ E′(Q)[φ′] is surjective
but E(Q)[2] −→ E′(Q)[φ′] is the zero map, the point Q is mapped onto T under
E(Q)[2] −→ E′(Q)[φ′]. Then, η(T) ∈ H1(Q, E[φ]) is defined by the 1-cocyle
σ 7→ σ(Q) −Q 


P if σ(Q)  P + Q , Q,
0 if σ(Q)  Q.





element H1(Q, µ2), where b  A2 − 4B, since in the Weierstrass equation (4.5), Q





















an element H1(Q, µ2) corresponds to A2 − 4B in Q×/Q×2. 
Recall (Proposition 4.11) that the everywhere-local norm group Φ is the in-
tersection of two Selmer groups Sel2(E/Q) and Sel2(Ed/Q) inside H1(Q, E[2]) 
H1(Q, Ed[2]). In order to identify elements in the intersection, we need to find
b ∈ Q×/Q×2 such that b ∈ Selφ (E/Q) ∩ Selφd (E/Q) by descent arguments (cf.
[Sil09], chapter X). In order to ensure this is not the identity element inΦ, we should
check b < G. This will be done when we deal with E(Q)tors  Z/4Z or Z/2Z.
4.3.2 Isogeny invariance of the Gross–Zagier conjecture
Let E and E′ be isogenous elliptic curves defined over Q, and K be an imaginary
quadratic field satisfying the Heegner hypothesis. We consider those curves with
fixed modular parametrisations π : X0(N) −→ E and π′ : X0(N) −→ E′.
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Proposition 4.16. Let θ : E −→ E′ be a rational isogeny.
(i) If the strong Gross–Zagier conjecture (Conjecture 4.4) is true for E then it is also true
for E′.
(ii) Suppose that θ respects modular parametrisations of E and E′, i.e., π′  θ ◦π. Then
we have
M2 · C2 · #X(E/K)
[E(K) : ZPK]2

M′2 · C′2 · #X(E′/K)
[E′(K) : ZP′K]2
. (4.8)
(iii) Let p be a prime. If
(a) ordp #E(K)tors  ordp #E(Q)tors, and
(b) ordp #E(Q)tors ≤ ordp
(




ordp #E′(Q)tors ≤ ordp
(




In particular, if E(K)tors  E(Q)tors, and if the weak Gross–Zagier conjecture (Con-
jecture 4.5) for E is true, then it is also true for E′.
Proof. (i) Isogenous curves E and E′ have the same L-functions and the same BSD
formulae, i.e., L(E/K, s)  L(E′/K, s) and BSDE/K  BSDE′/K (cf. Conjecture 2.31).
The latter is a theorem of Cassels [Cas62]. As the strong Gross–Zagier conjecture is
obtained by simply equating these formulae, it is clearly isogeny invariant.
(ii) Let P′K be the Heegner point for E
′ defined by P′K  θ(PK). Since L
′(E/K, s) 











#X(E′/K) · C′2 · [E(K) : ZPK]2
#X(E/K) · C2 · [E′(K) : ZP′K]2
.
Equating, we obtain the equation 4.8.
(iii) Let P (resp. P′) be a generator of the group
E(K)/E(K)tors (resp. E′(K)/E′(K)tors),
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and let PK  νP (resp. P′K  ν
′P′). As P′K  θ(PK)  νθ(P), the index ν
′ is divisible
by ν. The assumption (i) ordp #E(K)tors  ordp #E(Q)tors implies that ordp[E(K)tors :
E(Q)tors]  0. By the equation 4.8, we have
u2K ·M
2
· C2 · #X(E/K)








· (#E′(Q)tors)2 · [E′(K)tors : E′(Q)tors]2
,




















Remark. By [GJTo] Corollary 4 or [Naj], Theorem 2, for a given elliptic curve E
defined over Q, there are at most 4 quadratic fields K such that E(K)tors , E(Q)tors.
4.4 E(Q)tors  Z/2Z ⊕ Z/4Z
In this section,weprove theMainTheorem for the caseswhenE(Q)tors is isomorphic
to Z/2Z ⊕ Z/4Z.
Theorem 4.17. Suppose that E(Q)tors is isomorphic to Z/2Z ⊕ Z/4Z. Then the order
8  #E(Q)tors divides the Tamagawa number C of E, except for the curve ‘15a3’, in which
case C ·M  8.
From [Kub], table 3, such elliptic curves can be parametrised by one parameter
λ ∈ Q by
y2 + x y − λy  x3 − λx2 , (4.9)












, with positive integers α, β having no common
prime divisor, and α/β , 1/4. The discriminant of the equation is ∆  λ4(1+16λ) ,
0. Note that since we take α and β relatively prime, there are no common prime
divisor of 16α2 − β2 and 16β2 except 2.
Proposition 4.18. Let p be a prime.
(i) If m : ordp λ > 0, then the reduction of E modulo p is (split) multiplicative of type
I4m . Consequently the Tamagawa number at p of E is Cp  4m.
(ii) Suppose that p , 2. If m : ordp λ < 0, then m is always even, and the minimal
Weierstrass equation at p is given by
y2 + pz x y − upz y  x3 − ux2 , (4.10)
where u ∈ Z×p satisfying λ  upm in Zp , and where z is a positive integer. The
reduction type of the equation modulo p is In with n  2z, whence Cp  2z.
Proof. (i) This can be shown by directly applying Tate’s algorithm (see [Sil94], §IV.9)
to the Weierstrass equation (4.9).
(ii) Since gcd
(
16α2 − β2 , 16β2
)
is a power of 2, if





then the exponent m is always even. ChangingWeierstrass equation (cf. [Lor], proof
of Proposition 2.4), we get the equation (4.10). We use Tate’s algorithm again for








p primes : p , 2, ordp λ < 0
}
.
Proposition 4.18 says that Theorem 4.17 is true when (i) #S ≥ 2; or (ii) #S  1 and
#T ≥ 1. Thus the following proposition shows Theorem 4.17.
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Proposition 4.19. With possible finite number of exceptions, we have #S ≥ 1 and moreover
if T  ∅, then #S ≥ 2. The exceptions are exactly the following curves: ‘15a1’, ‘15a3’,
‘21a1’, ‘24a1’, ‘48a3’, ‘120a2’, ‘240a3’, ‘240d5’, and ‘336e4’. But in any case including these
exceptions, we have 8 | C ·M.
Proof. Write β  2nβ′ with n ≥ 0 and β′ odd. The condition T  ∅ is equivalent to
the condition β′  1. We divide the proof according to the value of n.
Suppose n  0. In this case 16α2 − β2 is odd and so gcd
(
16α2 − β2 , 16β2
)
 1.
Suppose that there is no prime dividing 16α2−β2. We then have 16α2−β2  ±1. This
is possible only if α  0, a contradiction. For the second statement, assume β  1.
In this case, we get λ  (16α2 − 1)/16. If there is only one odd prime p dividing
16α2 − 1, then we must have 4α − 1  1, a contradiction (α ∈ Z>0).










4α2 − β′2 , 16β′2
)
 1. If there were no odd prime dividing 4α2 − β′2, we
would have 4α2 − β′2  ±1, whence α  0, a contradiction. If β  2 (equivalently
β′  1), and if there were only one prime dividing 4α2 − β′2, then either one of the
relations 2α − 1  1 or 2α + 1  −1 would hold. Thus we must have α  1. In this
case we get the curve ‘48a3’, having C2  C3  4.








As α2 − β′2 ≡ 0 (mod 8), if there were no prime dividing α2 − β′2, we would have
either one of the following: α2 − β′2  ±8, or α2 − β′2  ±16.
• Suppose α2 − β′2  8. The only solution to this equation is (α, β′)  (3, 1).
This corresponds to λ  1/2 and the curve ‘24a1’, having C2  4 and C3  2.
• Suppose α2 − β′2  −8. The only solution to this equation is (α, β′)  (1, 3).
This corresponds to λ  −1/18 and the curve ‘24a1’ again.
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• Suppose α2 − β′2  16. The only solution to this equation is (α, β′)  (5, 3).
This corresponds to λ  1/9 and the curve ‘15a3’, having C3  2 and C5  2.
This is the exceptional case, but we also have M  2 in this case, so the validity
of Gross–Zagier conjecture stays unharmed.
• Suppose α2 − β′2  −16. The only solution to this equation is (α, β′)  (3, 5).
This corresponds to λ  −1/25 and the curve ‘15a3’ again.
For the second statement, assume β′  1, i.e., β  4, and λ  (α2 − 1)/16. The
only possible way for α2−1 to be a power of 2 is to have α  3, and this corresponds
to ‘24a1’ which we have dealt with before. So assume there is one and only one odd
prime p dividing α2 − 1.
• Suppose that ord2(α2−1)  3, i.e., α2−1  8pm . We can see that the only pos-
sible solution to this equation is α  5, p  3, and m  1. The corresponding
curve is ‘120a2’, having C2  C3  4 and C5  2.
• Suppose that ord2(α2 − 1)  4, i.e., α2 − 1  16pm . As above, we can see that
the solutions to the equation are (α, p ,m)  (7, 3, 1) and (9, 5, 1). The solution
(7, 3, 1) corresponds to ‘21a1’ having C3  4 and C7  2, while (9, 5, 1) does
to ‘15a1’ having C3  2 and C5  4.
• If ord2(α2 − 1) ≥ 5, then ord2 λ > 0 as well as ordp λ > 0. So there always are
more than two prime divisors in the numerator of λ.








Notice that gcd(α2 − 22n−4β′2 , 22nβ′2)  1. If there is no odd prime dividing the
numerator, then we must have α2 − 22n−4β′2  ±1. By factoring the equation, we
have the solutions α  ±1 and β′  0, which are absurd.
Suppose T  ∅, i.e., β  2n .
• Suppose n  3, i.e., β  8. In this case λ  (α2 − 4)/64. If there is only one
prime p (necessarily odd) dividing α2 − 4, then by factoring, we must have
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either α  1 or α  3. We cannot have α  1 because this corresponds to a
singular curve (λ  −1/16). The case α  3 corresponds to the curve ‘240a3’,
having C2  C5  4 and C3  2.
• Suppose n  4, i.e., β  16. In this case λ  (α2 − 16)/256. If there is only
one prime p (necessarily odd) dividing α2 − 16, then α  3 or α  5. The case
α  3 corresponds to the curve ‘336e4’, having C2  C7  4 and C3  2. If
α  5, then we have ‘240d5’, having Tamagawa numbers C2  4, C3  8, and
C5  2.
• Suppose n ≥ 5. In this case we can take another Weierstrass equation (cf.
Equation (4.10)) of E of the following form:
y2 + 2n x y − 2n u y  x3 − ux2 , (4.11)
where u  α2 − 22n−4. This equation has discriminant ∆  (22n + 16u)22n u4
and c4  22n+4u + 16u2 + 24n , so ord2(∆)  2n + 4 and ord2(c4)  4. Moreover,
by [Sil09], Proposition VII.5.5, since its j-invariant has order 8 − 2n < 0,
E has potentially multiplicative reduction modulo 2. If this equation (4.11)
is minimal at the prime 2, then the curve has additive reduction modulo
2 (ord2(c4) > 0). Tate’s algorithm says that E has reduction of type I∗k for
some k, with Tamagawa number 2 or 4. Suppose that the equation (4.11) is
not minimal modulo 2. Then we can transform (4.11) into a minimal model
modulo 2, which has discriminant of order 2n + 4 − 12  2n − 8 at 2 and c4
of order 0. Since the order of the minimal discriminant is even and > 0, and
since E has multiplicative reduction (ord2 c4  0), we have even C2 by Tate’s
algorithm. As C2 is even and 4 | Cp for some odd p ∈ S, the proof of this case
is completed.

4.5 E(Q)tors  Z/2Z ⊕ Z/2Z
In this section,weprove theMainTheorem for the caseswhenE(Q)tors is isomorphic
to Z/2Z ⊕ Z/2Z.
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Theorem 4.20. Suppose that E(Q)tors is isomorphic to Z/2Z ⊕ Z/2Z. Then the order
4  #E(Q)tors divides the Tamagawa number C of E, except for two curves ‘17a2’ and
‘32a2’. For these two cases we have 4  C ·M.
Following [Kub], we can take a Weierstrass model of the form
y2  x(x + a)(x + b), (4.12)
where a , b ∈ Zwith a , b , 0 , a.Note that a and b is in general not relatively prime.
The discriminant of the equation (4.12) is ∆  16(a − b)2a2b2 and c4  16a2 − 16ab +
16b2. Let c  a − b , 0. If there is a prime p dividing both a and b, then by changing
the equation via [p , 0, 0, 0] if necessary, we assume min
(
ordp a , ordp b
)
 1.
We first investigate the Tamagawa number Cp for primes p dividing abc.
Proposition 4.21. Let p be a prime. Assume that either (a) p | a and p - bc; or (b) p | b
and p - ac. Then we have the following.
(i) If p is odd, then E has reduction of type Iordp ∆  I2 ordp (a) modulo p, with even
Tamagawa number at p.
(ii) Suppose that p  2. If m : ord2 a  4 and if b ≡ 1 (mod 4), then E has good
reduction modulo 2, whence C2  1. Otherwise, C2 is even.
Proof. We only give the proof for the case (a). By the symmetry of the roles of a and
b in the equation, the case (b) follows immediately.
(i) This is immediate from Tate’s algorithm.
(ii) Suppose that 2 | a and 2 - bc. We do a case-by-case study. In order to help
readers to re-construct proofs of the results in the following table, we remark that
we mostly apply Tate’s algorithm to the Weierstrass equation (4.12), while for the
case m  4 and b ≡ 1 (mod 4) and for m ≥ 5, we apply the algorithm to another
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m b mod 4 Reduction Type of E at p  2 C2
1 1 or 3 III 2
2




3 I∗n 2 or 4
4
1 I0 (good) 1
3 I∗n 2 or 4
≥ 5 1 or 3 I2m−8 even

Proposition 4.22. Let p be a prime such that p | c and p - ab.
(i) If p is odd, then E has reduction of type Iordp ∆  I2 ordp (c) modulo p, with even
Tamagawa number at p.
(ii) Suppose that p  2. If m : ord2 c  4 and if a ≡ b ≡ 3 (mod 4), then E has good
reduction modulo 2, whence C2  1. Otherwise, C2 is even.
Proof. We make a change of variables via [1,−a , 0, 0], to get another equation
y2  x3 + (−2a + b)x2 + a(a − b)x. (4.13)
(i) Immediate from Tate’s algorithm applied to equation (4.13).
(ii) Let p  2. Similar as above proposition, the results from Tate’s algorithm






with the cases a ≡ b ≡ 3 (mod 4) and m ≥ 4, are summarised as follows.
• Suppose that m : ord2 c  1. Then E has reduction of type III at 2, with
Tamagawa number C2  2.
• Suppose that m  2 or 3 and a ≡ b ≡ 3 (mod 4). Then E has reduction of type
III∗ at 2, with Tamagawa number C2  2.
• Suppose that m  4 and a ≡ b ≡ 3 (mod 4). Then E has reduction of type I0
(good reduction) at 2, with Tamagawa number C2  1.
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• Suppose that m ≥ 5 and a ≡ b ≡ 3 (mod 4). Then E has reduction of type
I2m−8 at 2, with even Tamagawa number at 2.
• If m ≥ 2 and either a ≡ 1 (mod 4) or b ≡ 1 (mod 4) (or both), then E has
reduction of type I∗k for some k at 2, with Tamagawa number C2  2 or 4.

Proposition 4.23. Let p be a prime dividing two of a, b, or c. Then clearly it divides the
third. By changing variables in the equation (4.12) via [p , 0, 0, 0] if necessary, we assume
min
(
ordp a , ordp b
)
 1. Then E has reduction of type I∗k for some k, with even Tamagawa
number.
Proof. If m , n, then we may assume m > n  1 without any loss of generality. By
Tate’s algorithm, in this case E has reduction of type I∗k with Tamagawa number 2
or 4. If m  n  1, then we can write a  pa′ and b  pb′ with (a′, p)  (b′, p)  1.
Hence,
• if a′ . b′ (mod p), then E has reduction of type I∗0 modulo p with Tamagawa
number 4;
• if a′ ≡ b′ (mod p), then E has reduction of type I∗k modulo p with Tamagawa
number 2 or 4.

Recall that E is an elliptic curve defined by the equation y2  x(x+a)(x+b) with
discriminant ∆  16a2b2c2 , 0 where a , b , c : a − b ∈ Z. We also have assumed
that min
(
ordp a , ordp b
)
≤ 1 for all primes p. Let
S :
{
p primes : ordp a > 0, ordp b > 0
}
.
If #S ≥ 2, then by Proposition 4.23, then the Tamagawa number C of E is divisible
by 4. Thus the following proposition shows Theorem 4.20.
Proposition 4.24. Suppose that #S ≤ 1. Then 4 | C with only two exceptions: ‘17a2’ and
‘32a2’. But in both exceptions, we have C  M  2.
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Proof. Case 1. S  {2}. We have even C2. In addition, we may assume that abc is
a power of 2, since the existence of odd prime divisor of abc immediately implies
by Proposition 4.21 and Proposition 4.22, that C is divisible by 4. Suppose first that
ord2 a  ord2 b  1. Since a , b, then we may assume a  2 and b  −2. This
yields the curve ‘64a1’, having C2  4. Now, we assume ord2 a , ord2 b. Without
loss of generality, assume m : ord2 a > ord2 b  1. So b  ±2. Assume b  2. Since
c  a − b  ±2m − 2 is also divisible only by 2, we must have a  4. This again yields
the curve ‘64a1’, having Tamagawa number 4. For similar reasons, if b  −2, then
we must have a  −4. This yields the same.




for some odd prime p. We have even Cp . In this case, abc does
not have any other odd prime factor except for p.
Suppose moreover that 2 - ab. Since c  a − b must be even, so to avoid even C2,
we must assume that E has good reduction modulo 2, i.e., ord2 c  4 and a ≡ b ≡ 3
(mod 4), cf. Proposition 4.22. If ordp a  ordp b  1, then since a ≡ b (mod 4),
we must have a  b  ±p. But these only define singular curves. Hence assume
m : ordp a > ordp b  1, i.e., a  ±pm and b  ±p. Since c  a − b  ±pm ± p has to
contain no prime factors other than 2 and p, and moreover the exponent of 2 in the
prime decomposition of c has to be 4 by assumption, the only case this can occur is
when p  17 and m  2. Then we have either a  172 and b  17 or a  −172 and
b  −17. For these cases, we have elliptic curves ‘4624e2’ and ‘289a2’ respectively,
and they have Tamagawa numbers divisible by 4.
Suppose either 2 | a or 2 | b (not both, of course) and E has good reduction
modulo 2. Without loss of generality we assume 2 | a, whence ord2 a  4 with b ≡ 1
(mod 4). Suppose first that ordp a  ordp b  1. In this case we get a  ±24p and
b  ±p, whence c  a− b  ±24p± p  ±3 ·5 · p or ±17 · p. Hence the only remaining
cases are those when p  17. Since b ≡ 1 (mod 4), we must have b  17, then we
must pick a  −24 · 17. This gives the curve ‘289a2’, having Tamagawa number 4.
Now, assume that m : ordp a > ordp b  1. Then a  ±24pm and b  ±p, and thus
we get c  a − b  ±24pm ± p  p(±24pm−1 ± 1). However, in this case, c must have
odd prime divisor other than p, so we do not need to concern this case. On the other
hand, if we assume m : ordp b > ordp a  1, then a  ±24p and b  ±pm . Since
c  ±24p ± pm  p(±16 ± pm−1), we must have p  17 and m  2. In order to have
4.5. E(Q)TORS  Z/2Z ⊕ Z/2Z 79
b ≡ 1 (mod 4), we must pick b  172, and a  16 · 17. This again gives us the curve
‘289a2’.
Case 3. S  ∅.
Suppose first that 2 | ab.
1. E has bad reduction modulo 2, i.e., we have even C2. Then |abc | is a power
of 2, in order to avoid 4 | C. The only possible cases are (a , b , c)  (2, 1, 1) or
(a , b , c)  (−2,−1,−1), and in either case the curve is ‘32a2’, having C  M 
2.




p primes : p , 2, p | ab
}
 ∅, then a  ±16 and b  1.
2.1.1. If a  16 and b  1, then c  3 · 5 and we have even C3 and C5.
2.1.2. If a  −16 and b  1, then c  −17. In this case the curve is ‘17a2’,
having C  M  2.
2.2. Let p be an odd prime dividing ab.
2.2.1. If p | a, then a  ±16pm , b  1, and abc  16pm (16pm ± 1). Hence
there are at least two odd primes dividing abc, making 4 | C.
2.2.2. If p | b, then a  ±16, b  ±pm ≡ 1 (mod 4), and in order for p
to be the unique odd prime dividing abc, we must have (a , b , c) 
(16, 17,−1), which yields the curve ‘17a2’, having C  M  2.
Suppose that 2 - ab. This means that c is always even.
1. E has bad reduction modulo 2, i.e., we have even C2. In order to avoid 4 | C,
we must have (a , b , c)  (1,−1, 2) or (−1, 1,−2). In either case the resulting
curve is ‘32a2’, having C  M  2.




p primes : p , 2, p | ab
}
 ∅; this cannot be possible.
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2.2. #
{
p primes : p , 2, p | ab
}
 1, say p. Then we must have (a , b , c) 
(−1,−17, 16) or (−17,−1,−16). In either case we have ‘17a2’, having
C  M  2.
2.3. #
{
p primes : p , 2, p | ab
}
≥ 2; we always have 4 | C.

4.6 E(Q)tors  Z/4Z
Theorem 4.25. If E is an elliptic curve defined over Q, having rational torsion sub-
group E(Q)tors isomorphic to Z/4Z, then the order 4  #E(Q)tors divides uK · C · M ·
(#X(E/K))1/2.
4.6.1 Tamagawa numbers
In order to prove Theorem 4.25, we first consider Tamagawa numbers of E.
From [Kub], table 3, such elliptic curves can be parametrized by one parameter
λ by
y2 + x y − λy  x3 − λx2 ,
where the discriminant of the equation λ4(1 + 16λ) , 0. This is the same as in
section 4.4, but without further restriction on λ. Let λ  α/β, with α, β ∈ Z and
gcd(α, β)  1. By Proposition 4.18 (a), we may assume α  1. So we begin with the
following Weierstrass equation
y2 + βx y − β2 y  x3 − βx2 , (4.14)
with β ∈ Z. Note that this curve has discriminant∆  (16+β)β7 and c4  (16+16β+
β2)β2. If β  ±1, then we have either ‘15a8’ or ‘17a4’, both of which have M  4. So
we may assume that there is at least one prime dividing β.
Let p be a prime dividing β, and let m : ordp β > 0. Write β  pm u, for
some u ∈ Z with gcd(u , p)  1. Using Tate’s algorithm applied to Weierstrass
equations y2 + pz+1x y − pz+2u−1 y  x3 − pu−1x2 (when m  2z + 1 is odd) or
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y2 + pz+1x y − pz+2u−1 y  x3 − pu−1x2 (when m  2z is even), we can figure out the
reduction types and Tamagawa numbers at primes p | β for E.
m p conditions E mod p Cp
m  2z + 1 for z ∈ Z≥0 any I∗1 4
m  2z for z ∈ Z>0
p , 2 I2z even
p  2
u ≡ 3 (mod 4) & m  8 I0 (good) 1
otherwise bad even
So, in the sequel, we assume
• ordp β is even for all prime p;
• the number of odd primes dividing β is ≤ 1.
Moreover, if ` is an odd prime dividing β + 16, then E has reduction of type
Iord` (β+16) at `.3 We furthermore assume throughout this section, that





Suppose that there is no odd prime p dividing β, i.e., β  ±2m for some positive
integer m. As we can see in the above table, in order to avoid 4 | C, we may assume
m  2z is even. Applying Tate’s algorithm to the Weierstrass equation (4.14), we
have the following results.
β Curve C M
22 ‘40a3’ C2 · C5  2 · 1 2
24 ‘32a4’ C2  2 2
22z with z ≥ 3 C2  4
−22 ‘24a4’ C2 · C3  2 · 1 2
−24 singular curve
−26 ‘24a3’ C2 · C3  2 · 1 1
−28 ‘15a7’ C3 · C5  1 · 1 2
−22z with z ≥ 5 even C2  2(z − 4)
−22z with z ≥ 5 odd C2  2(z − 4)
3This canbe also shownbyTate’s algorithm, applied to the equation y2+βx y−(β+16)2 y 
x3 − (β + 96)x2 + 192(β + 16)x − 128(β + 24)(β + 16) for E.
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So when |β | is a power of 2, then we only need to deal with the cases β  −22z with
(i) z  4 or (ii) z ≥ 3 being odd.
4.6.2 (#X(E/K))1/2
In this subsection, we shall see 2 | (#X(E/K))1/2, for various remaining cases left
from considerations about Tamagawa numbers. Our main job is to show
∑
i` +
dimΦ ≥ 4 (notations from subsection 4.3.1). Then,∑
i` + dimΦ ≥ 4 ⇒ dimF2 X(E/K)[2] ≥ 1 ⇒ 2 | (#X(E/K))
1/2 .
The first implication follows from Kramer’s theorem (see subsection 4.3.1), and the
last implication is due to Kolyvagin’s theorem [Kol].
From the above subsection, we only need to deal with the cases when β has at
most one odd prime divisor.
Proposition 4.26. Suppose that |β | is a power of 2. Then by the considerations in the above
subsection, it is okay to consider only when β  −22z with
(i) z  3
(ii) z  4, or
(iii) z ≥ 5 being odd.
For these cases, we have dimF2 X(E/K)[2] ≥ 1, i.e., Theorem 4.25 is true.
Proof. (i) Suppose that z  3, i.e., β  −26. This corresponds to the curve ‘24a3’
having Tamagawa number C  2. In this case we take the Weierstrass equation of
the following form: y2  x3 + 14x2 + x. Note that this equation has discriminant
∆  210 · 3 and this is the minimal discriminant for E.
We use notations from 4.3.1. Consider the Selmer group Selφ (E/Q) following
[Got]. This is the subgroup of Q×/Q×2 having the following local images in Q×p /Q×2p
for each prime p (including∞).
• im δ∞  {1}.
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• im δp  Z×p Q×2p /Q×2p for odd primes p , 3.
• im δ3  Q×3 /Q
×2
3 .
• im δ2  Q×2 /Q
×2
2 .
So we have Selφ (E/Q)  〈2, 3〉 ⊂ Q×/Q×2.
Now we consider the local norm indices. Ignoring trivial cases when
∑
i` ≥ 4,
and considering Heegner hypothesis, only open cases are as follows.
• d  −q for an odd prime q ≡ 3 (mod 4);
• d  −qq′ for odd primes q ≡ 1 (mod 4) and q′ ≡ 3 (mod 4).
Suppose that d  −q with q ≡ 3 (mod 4), i.e., d ≡ 1 (mod 4). By Heegner










 1, i.e., iq  2. Moreover, in
order for the prime 2 to split completely in K  Q(
√
d), it is necessary and sufficient
that d ≡ 1 (mod 8), i.e., q ≡ −1 (mod 8). Now we compute the Selmer group
Selφd (Ed/Q), where Ed is the quadratic twist of E by d, and φd : Ed −→ E′d is the
corresponding 2-cyclic isogeny.Wedenote by δd` the corresponding homomorphism
E′d (Q`)/φd (Ed (Q`)) −→ H
1(Q` , Ed[φd]).
Local images im δd` are given as follows.
• im δd∞  R×/R×2,
• im δdp  Z×p Q×2p /Q×2p for odd primes p - 3q.





• im δdq  {1, qu} for some u ∈ Z×q .










 1, the image of 2 is contained in Φ and is non-trivial, whence∑
i` + dimF2 Φ ≥ 4.
84 CHAPTER 4. GROSS–ZAGIER CONJECTURE






 1 and −qq′ ≡ 1 (mod 8). The latter condition
implies that either q ≡ −q′ ≡ 1 (mod 8) or q ≡ −q′ ≡ 5 (mod 8). It is also safe to










 −1. Now consider the local images for
the Selmer group Selφd (Ed/Q).
• im δd∞  R×/R×2,
• im δdp  Z×p Q×2p /Q×2p for odd primes p - 3qq′.
• im δdp  Q×p /Q×2p for odd primes p  3, q , q′.





Hence the image of 2 is contained in Φ non-trivially, whence
∑
i` + dimF2 Φ ≥ 4.
(ii) Suppose that z  4, i.e., β  −28. This corresponds to the curve ‘15a7’. It
has Manin constant 2. In this case we take the Weierstrass equation of the following
form: y2  x3 + 62x2 + x. Note that this equation has discriminant ∆  212 · 3 · 5 and
E has minimal discriminant ∆min  3 · 5.
As above, consider the Selmer group Selφ (E/Q) following [Got].
• im δ∞  {1}.
• im δp  Z×p Q×2p /Q×2p for odd primes p , 3, 5.
• im δp  Q×p /Q×2p for odd primes p  3, 5.





So we have Selφ (E/Q)  〈3, 5〉.
Now we consider the local norm indices. First note that i∞  1. Ignoring trivial
cases when
∑
i` ≥ 4, and the cases violating Heegner hypothesis, we have to
consider the following cases.
• d  −q for an odd prime q;
• d  −2q for an odd prime q;
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• d  −qq′ for odd primes q and q′.
Suppose that d  −q. First assume that q ≡ 1 (mod 4), i.e., d ≡ 3 (mod 4).
In this case the prime 2 is ramified in K, so we have nonzero i2. As (∆min , d)Q2 (
15,−q
)





 −1, i.e., iq  1.
Now consider the local images for the Selmer group Selφd (Ed/Q).
• im δd∞  R×/R×2,
• im δdp  Z×p Q×2p /Q×2p for odd primes p - 15q.
• im δdp  Q×p /Q×2p for odd primes p  3, 5.
• im δdq  Q×q /Q×2q .





Hence the image of 3 is contained in Φ non-trivially, whence
∑
i` + dimF2 Φ ≥ 4.
Suppose now that d  −q with q ≡ 3 (mod 4), i.e., d ≡ 1 (mod 4). Here the


























 1, i.e., iq  2. Now
consider the local images for the Selmer group Selφd (Ed/Q).
• im δd∞  R×/R×2,
• im δdp  Z×p Q×2p /Q×2p for odd primes p - 15q.
• im δdp  Q×p /Q×2p for odd primes p  3, 5.
• im δdq  {1, qu} for some u ∈ Z×q .

















 1, the image of 3 is contained in Φ non-trivially, whence
∑
i` +
dimF2 Φ ≥ 4.




Q2 , for i2  2 it is necessary
and sufficient that q ≡ −1 or −5 (mod 8), i.e., q ≡ 3 (mod 4). Since iq ≥ 1, it is safe
86 CHAPTER 4. GROSS–ZAGIER CONJECTURE





 −1 so that iq  1. Now
consider the local images for the Selmer group Selφd (Ed/Q).
• im δd∞  R×/R×2,
• im δdp  Z×p Q×2p /Q×2p for odd primes p - 15q.
• im δdp  Q×p /Q×2p for odd primes p  3, 5.
• im δdq  Q×q /Q×2q .





Hence the image of 3 in Φ is nontrivial, whence
∑
i` + dimF2 Φ ≥ 4.
Suppose that d  −qq′. If the prime 2 is ramified in K, then
∑
i` ≥ 4. So we
assume 2 is unramified in K, i.e., d ≡ 1 (mod 4). Then, without loss of generality,
it is fine to assume q ≡ 1 (mod 4) and q′ ≡ 3 (mod 4). Moreover, it is also safe to










 −1. Now consider the local images for
the Selmer group Selφd (Ed/Q).
• im δd∞  R×/R×2,
• im δdp  Z×p Q×2p /Q×2p for odd primes p - 15qq′.
• im δdp  Q×p /Q×2p for odd primes p  3, 5, q , q′.







Hence the image of 3 is contained in Φ non-trivially, whence dimF2 Φ ≥ 1, i.e.,∑
i` + dimF2 Φ ≥ 4.
(iii) Now suppose that β  −22z with z ≥ 5 being odd. In this case we take




x2 + x. Note
that this equation has discriminant ∆  22z (2z + 4) (2z − 4) > 0 and E has minimal
discriminant ∆min  2−12∆  22z−12 (2z + 4) (2z − 4). In particular the prime 2 is
always bad for E. By the consideration on the primes dividing β + 16, we assume
that all of them have odd exponents. For convenience, we let A : 22z−2 − 2. We also
note that there are distinct odd primes p , p′ such that p | (2z − 4) and p′ | (2z + 4).
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Consider the Selmer group Selφ (E/Q) following [Got].
• im δ∞  {1}.
• im δp  Z×p Q×2p /Q×2p for any odd primes p - ∆.
• im δp  Q×p /Q×2p for odd primes p | ∆.
• im δ2  Q×2 /Q
×2
2 .
So we have Selφ (E/Q)  〈2, p : for any odd primes p dividing ∆〉.
Nowwe consider the local norm indices.We always have i∞  1. Ignoring trivial
cases when
∑
i` ≥ 4, and considering Heegner hypothesis, we have to consider the
following cases.
• d  −q for an odd prime q ≡ 3 (mod 4);
• d  −qq′ for odd primes q ≡ 1 (mod 4) and q′ ≡ 3 (mod 4).
Suppose that d  −q with q ≡ 3 (mod 4), i.e., d ≡ 1 (mod 4). Note that i∞  1










 1 for every odd prime





 1, i.e., iq  2. Now consider the local images for the
Selmer group Selφd (Ed/Q).
• im δd∞  R×/R×2,
• im δdp  Z×p Q×2p /Q×2p for any odd primes p - ∆q.
• im δdp  Q×p /Q×2p for odd primes p | ∆.
• im δdq 


{1, qu} if q - A,
Q×q /Q×2q otherwise.
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Hence the image of a fixed odd prime p dividing ∆ is contained in Φ non-trivially,
i.e.,
∑
i` + dimF2 Φ ≥ 4.
Suppose that d  −qq′ with q ≡ 1 (mod 4) and q′ ≡ 3 (mod 4). Moreover, it is










 −1. Now consider the
local images for the Selmer group Selφd (Ed/Q).
• im δd∞  R×/R×2,
• im δdp  Z×p Q×2p /Q×2p for odd primes p - ∆qq′.
• im δdp  Q×p /Q×2p for odd primes p | ∆.
• im δdq 


Q×q /Q×2q if q - A,
{1, qu} if q | A,
for some u ∈ Z×q .















 1, then the image of p in Φ is non-





 −1 for all odd
prime divisor p of ∆. In this case ∆ must have ≥ 3 odd prime divisors, and thus if
we pick two p and p′, the image of pp′ is contained in Φ and is non-trivial. In any
case
∑
i` + dimF2 Φ ≥ 4. 
Proposition 4.27. Suppose that β  pm for some m > 0. By the previous subsection, we
assume
• m  2z for some positive integer z; and





Then we have dimF2 X(E/K)[2] ≥ 1, i.e., Theorem 4.25 is true, except for a family of
curves defined by the equation
y2 + pz x y − pz y  x3 − x2 ,
with p2z + 16  `k being prime powers.
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Remark. For the exceptional family, Theorem 4.25 is also true. This will be shown in
the following subsection 4.6.3.
Proof. We begin with the following equation: y2 + p2z x y − p4z y  x3 − p2z x2. By a
change of variables via [(1/2)pz , 0, 0, 0], we get y2+2pz x y−8pz y  x3−4x2.Making
another change of variables via [1, 4,−pz , 0], we get y2  x3 + (p2z + 8)x2 + 16x. The
last equationhasdiscriminant∆  212(p2z+16)p2z and c4  16p4z+256p2z+256.Note
that the minimal discriminant of E is given by ∆min  (p2z + 16)p2z ; in particular, E
has good reduction modulo 2.
Let φ be the isogeny E −→ E′ : E/E(Q)[2]. (Note that E(Q)[2]  Z/2Z.)
Following [Got], we compute the Selmer group Selφ (E/Q). For each prime ` (in-
cluding ∞), we denote by δ` the map E′(Q`)/φ (E(Q`)) −→ H1(Q` , E[φ]). Since
Selφ (E/Q) ⊂ H1(Q, E[φ])  Q×/Q×2, the elements of Selφ (E/Q) are those classes
of b ∈ Q× such that their restrictions b ∈ H1(Q` , E[φ])  Q×` /Q
×2
` are contained
in the image im δ` . So by considering the images im δ` , we can figure out which
classes are in the Selmer group. For more details of this paragraph, see subsection
4.3.1.
These local images are given as follows.
• im δ∞  {1}.




` for odd primes ` - ∆.
• im δ`  Q×` /Q
×2
` for odd prime ` | ∆, and ` , p.
• im δp 


Q×p /Q×2p if p ≡ 1 (mod 4),
Z×p Q×2p /Q×2p if p ≡ 3 (mod 4).
• im δ2  {1, 5} ⊂ Q×2 /Q
×2
2 .
Here are some remarks on the odd primes dividing ∆. Since p2z + 16 is a sum of


















must satisfy ` ≡ 1 (mod 4).
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Let d be a negative, squarefree integer. We now compute the sum of local norm
indices
∑
i` . Note that i∞  1. After excluding obvious cases giving
∑
i` ≥ 4, we
have the following four cases:
• d  −2;
• d  −q for an odd prime q;
• d  −2q for an odd prime q;
• d  −qq′ for odd primes q, q′.
Suppose first that d  −2. As (∆min , d)Q2 
(






i`  3. Now we compute the Selmer group Selφd (Ed/Q), where Ed
is the quadratic twist of E by d, and φd : Ed −→ E′d is the corresponding 2-cyclic
isogeny. We denote by δd` the corresponding homomorphism
E′d (Q`)/φd (Ed (Q`)) −→ H
1(Q` , Ed[φd]).
Local images im δd` are given as follows.
• im δd∞  R×/R×2.






` for any odd prime ` - ∆.




` for any odd prime ` | ∆, with ` , p.
• im δdp 


Q×p /Q×2p if p ≡ ±1 (mod 8),
Z×p Q×2p /Q×2p if p ≡ ±5 (mod 8).
• im δd2  {1,−2}.













This implies that such an ` is congruent to either 1 or −5 modulo 8. However, by
the sum of two squares theorem mentioned above, we must have ` ≡ 1 (mod 8) if
` | ∆min and if ` , p. If p ≡ 1 (mod 8), then the image of p is contained in Φ and
is non-trivial, by Proposition 4.15, and the assumptions we made in the statement
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of current proposition. So suppose that p ≡ −5 (mod 8). If there are two distinct
odd primes ` and `′ dividing p2z + 16, then the image of ` or equivalently of `′ is
contained in Φ and is non-trivial. So for these cases, we have
∑
i` + dimF2 Φ ≥ 4. If
there is only one odd prime dividing p2z + 16, this will be covered in the following
subsection 4.6.3.
Suppose that d  −q for some odd prime q. Suppose first that q ≡ 1 (mod 4),
i.e. d ≡ 3 (mod 4). As disc(Q(
√
d) |Q)  4d  −4q, the prime 2 is ramified in
K  Q(
√




Q2  1 as −q ≡ −1 or −5 (mod 8), we have
i2  2. Since i∞  1 and iq ≥ 1, we always have
∑
i` ≥ 4.
Now assume that d  −q with a prime q ≡ 3 (mod 4), then d ≡ 1 (mod 4).
In this case the prime 2 is unramified in K. So we have i2  0. Let us consider the
Selmer group Selφd (Ed/Q).
• im δd∞  R×/R×2.






` for any odd prime ` - ∆, ` , q.




` for any odd prime ` | ∆, and ` , p.
• im δdp 


Q×p /Q×2p if p ≡ 1 (mod 4),
















for some u ∈ Z×q .
• im δd2  {1, 5}.

























If p ≡ 1 (mod 4), then the image of p is contained in Φ and is non-trivial. Even if
p ≡ 3 (mod 4), if there are at least two odd prime divisors of ∆min apart from p,
thenwe also have dimF2 Φ ≥ 1, i.e.,
∑
i`+dimF2 Φ ≥ 4. If there is only one odd prime
dividing p2z + 16, this will be covered in the following ‘exceptional case’ 4.6.3.
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Assume d  −2q. We have i∞  1 always. Note that














whence i2  2. Since iq ≥ 1, we always have
∑
i` ≥ 4.





` i` ≥ 4. Hence, we must assume the other, i.e., 2 is unramified, which means
that d ≡ 1 (mod 4). Without loss of generality, we then assume q ≡ 1 (mod 4)









 −1. Now consider the local images of Selφd (Ed/Q) as follows.
• im δd∞  R×/R×2.






` for any odd prime ` - ∆, ` , q.




` for any odd prime ` | ∆ and ` , p.
• im δdp 


Q×p /Q×2p if p ≡ 1 (mod 4),
ZpQ×2p /Q×2p if p ≡ 3 (mod 4).
• im δdq 












for some u ∈ Z×q .
• im δdq′  Q
×
q /Q×2q .
• im δd2  {1, 5}.

























































 −1. Suppose first that





 1, then we are done, since the image of p inΦ is non-trivial.






 −1, then the image of either p or pq in Φ is non-trivial. Now, suppose that
p ≡ 3 (mod 4). If there are at least two distinct prime divisors of p2z + 16, then











these cases we have
∑
i` + dimF2 Φ ≥ 4. If there is only one odd prime dividing
p2z + 16, this will be covered in the following ‘exceptional case’ 4.6.3.
So far, we have shown that for any cases of d, we obtain
∑
i` +dimF2 Φ ≥ 4 with
a family of exceptions. Thus by Kramer’s formula, we have 4 | C · (#X(E/K))1/2 for
the curves not in the exceptional family. 
Proposition 4.28. Suppose that β  −pm for some m > 0. By the previous subsection,
we assume m  2z for some positive integer z. Then we have dimF2 X(E/K)[2] ≥ 1, i.e.,
Theorem 4.25 is true.
Proof. Webeginwith the equation (4.14): y2−p2z x y−p4z y  x3+p2z x2. By a change
of variables via [(1/2)pz , 0, 0, 0], we get y2−2pz x y−8pz y  x3+4x2.Making another
change of variables via [1,−4, pz , 0], we get y2  x3 + (p2z − 8)x2 + 16x. The last
equation has discriminant ∆  212(p2z − 16)p2z and c4  16p4z − 256p2z + 256. Since
∆ < 0 if and only if p  3 and z  1, and in this case E is the curve ‘21a4’, having
Tamagawa number 2 and Manin constant 2. So in the sequel, we assume ∆ > 0
always. Note that the minimal discriminant of E is given by ∆min  (p2z − 16)p2z ; in
particular, E has good reduction modulo 2.
Following [Got], we compute the Selmer group Selφ (E/Q).
• im δ∞  {1}.




` for odd primes ` - ∆.
• im δ`  Q×` /Q
×2
` for odd prime ` | ∆ including p.
• im δ2  {1, 5} ⊂ Q×2 /Q
×2
2 .















, ±1, there are at least two odd primes other




 1, then we have p  5 and z  1, which yield the
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 −1, then E is the curve
‘21a4’ having C3  2, C7  1, and M  2. So we exclude these curves from our










Let d be a negative, square-free integer. We now compute the sum of local norm
indices
∑
i` . Note that i∞  1. After excluding obvious cases giving
∑
i` ≥ 4, we
have the following four cases:
• d  −2;
• d  −q for an odd prime q;
• d  −2q for an odd prime q;
• d  −qq′ for odd primes q, q′.
Suppose first that d  −2. As (∆min , d)Q2 
(






i`  3. Now we compute the Selmer group Selφd (Ed/Q). Local images
are given as follows.
• im δd∞  R×/R×2.






` for any odd prime ` - ∆.




` for any odd prime ` | ∆, including `  p.
• im δd2  {1,−2}.









8 , we have p ≡ 1 (mod 8).
So the image of p is contained in Φ and is non-trivial. Suppose that p ≡ 3 (mod 4),






, so that we have either ` ≡ 1 (mod 8) or ` ≡ −5 (mod 8). In any case,
since there are at least two prime divisors in p2z − 16, either the image of ` or `p
must be congruent to 1modulo 8, and thus the image is contained inΦ non-trivially.
Thus we have
∑
i` + dimF2 Φ ≥ 4.
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Suppose that d  −q for some odd prime q. Suppose first that q ≡ 1 (mod 4),
i.e. d ≡ 3 (mod 4). As disc(Q(
√
d) |Q)  4d  −4q, the prime 2 is ramified in
K  Q(
√




Q2  1, we have i2  2. Since i∞  1 and
iq ≥ 1, we always have
∑
i` ≥ 4.
Now assume that d  −q with a prime q ≡ 3 (mod 4), then d ≡ 1 (mod 4).
In this case the prime 2 is unramified in K. So we have i2  0. Let us consider the
Selmer group Selφd (Ed/Q).
• im δd∞  R×/R×2.






` for any odd prime ` - ∆, ` , q.




` for any odd prime ` | ∆, including `  p.
• im δdq 














u ∈ Z×q .
• im δd2  {1, 5}.

























So if p ≡ 1 (mod 4), then the image of p is contained inΦ and is non-trivial. Suppose
p ≡ 3 (mod 4). If there is a prime ` dividing p2z − 16 such that ` ≡ 1 (mod 4), then
the image of ` in Φ is non-trivial, since there are at least two odd prime divisors
dividing p2z − 16. If ` ≡ 3 (mod 4), then the image of `p will do the same job. Thus
we have
∑
i` + dimF2 Φ ≥ 4.
Assume d  −2q. We have i∞  1 always. Note that














whence i2  2. Since iq ≥ 1, we always have
∑
i` ≥ 4.





` i` ≥ 4. Hence, we must assume the other, i.e., 2 is unramified, which means
that d ≡ 1 (mod 4). Without loss of generality, we then assume q ≡ 1 (mod 4)
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 −1. Now consider the local images of Selφd (Ed/Q) as follows.
• im δd∞  R×/R×2.






` for any odd prime ` - ∆, ` , q.




` for any odd prime ` | ∆ including `  p.
• im δdq 












for some u ∈ Z×q .
• im δdq′  Q
×
q /Q×2q .
• im δd2  {1, 5}.

























































 −1. Suppose first that











 −1. In this case we consider the prime divisors of p2z − 16.




such that ` ≡ 1 (mod 4), then the image of
either p or `p is contained in Φ non-trivially. So suppose that all the prime divisors





 −1, we can find a prime





 −1. We suppose that such ` is unique, for if
there is another one, then its product with ` has non-trivial image in Φ, because





 −1. If there are two distinct prime
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 1, then the
image of `′`′′ inΦ is non-trivial, because of the existence of `. So the only remaining
















since p ≡ 1 (mod 4), wemust have either pz−4  1 or pz+4  1, whichwe excluded
in our consideration above.













 1, then the image of ` or `p in Φ is non-trivial. Hence, we can assume that











we conclude that the number of prime divisors of p2z − 16 is odd, and , 1 because
we exclude the cases when p2z − 16 is a prime power. Then, in any cases, we always
find two primes `′ and `′′ such that `′ ≡ `′′ (mod 4). By considering the image of






 −1. Similar arguments show that we must have dimF2 Φ ≥ 1.
So far, we have shown that for any cases of d, we obtain
∑
i` +dimF2 Φ ≥ 4. Thus
by Kramer’s formula, we have 4 | C · (#X(E/K))1/2. 
Proposition 4.29. Suppose that β  ±2m pm′ for some m ,m′ > 0. By the considerations
of the above subsection, we assume
• m′  2z for some z ∈ Z>0, and
• m  8 and u  ±pm′ ≡ 3 (mod 4),
i.e., β  −28p2z for some odd z. Then we have dimF2 X(E/K)[2] ≥ 1, i.e., Theorem 4.25
is true.
Proof. TheWeierstrass equation then becomes: y2−28p2z x y−216p4z y  x3+28p2z x2.
Wefirstmake a change of variables via [pz24 , 0, 0, 0] to obtain: y2−16pz x y−16pz y 
x3 + x2 , and again via [1,−1, 8pz , 0], we get




x2 + x. (4.15)
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and c4  65536p4z − 4096p2z +







E has reduction of type Iord` ∆min modulo a prime ` , p dividing ∆min, we assume
ord` ∆min is odd.
Following [Got], we compute the Selmer group Selφ (E/Q) 
⋂
` im δ` inside of
Q×/Q×2. Local images are given as follows.
• im δ∞  {1}.




` for odd primes ` - ∆.
• im δ`  Q×` /Q
×2
` for odd prime ` | ∆ including `  p.







































 2, a contradiction.










Let d be a negative, squarefree integer such that K  Q(
√
d). We now compute
the sum of local norm indices
∑
i` . Note that i∞  1. After excluding obvious cases
giving
∑
i` ≥ 4, it remains the following four cases: d  −2; d  −q for an odd
prime q; d  −2q for an odd prime q; and d  −qq′ for odd primes q, q′.
Suppose first that d  −2. As









 (−1,−2)Q2  −1,
we have
∑




Q×/Q×2. Local images are given as follows.
• im δd∞  R×/R×2.
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` for any odd prime ` - ∆.




` for any odd prime ` | ∆ (including `  p).










distinct non-trivial element in H1(Q, E[2]) and in H1(Q, Ed[2]), they define distinct
elements in the Selmer group Sel2(E/Q) and Sel2(Ed/Q). Thus there are at least two
non-trivial elements in Φ, whence dimF2 Φ ≥ 2. Hence
∑
i` + dimF2 Φ ≥ 4.
Suppose that d  −q for some odd prime q. Suppose first that q ≡ 1 (mod 4),
i.e. d ≡ 3 (mod 4). As disc(Q(
√
d) |Q)  4d  −4q, the prime 2 is ramified in
K  Q(
√




Q2  −1 as −q ≡ −1 or −5 (mod 8), we
have i2  1. Thus,without loss of generalitywe assume iq  1 also. This is equivalent
to the condition that the right hand side of the Weierstrass equation (4.15) does not

























 −1. Taking the sum,we have
∑
i`  3. Now let us compute the Selmer
group Selφd (Ed/Q).
• im δd∞  R×/R×2.






` for any odd prime ` - ∆, ` , q.




` for any odd prime ` | ∆ including `  p.
• im δdq 












for some u ∈ Z×q .









. In this case distinct odd primes ` dividing ∆ must
define distinct elements in Φ, whence dimF2 Φ ≥ 1, i.e.,
∑





. In this case as an element of Selφd (E/Q), only those contained
100 CHAPTER 4. GROSS–ZAGIER CONJECTURE
in the local image {1, qu} ⊂ Q×q /Q×2q are allowed. If ` is an odd prime dividing ∆,













. So if there is an odd prime
` ≡ 1 (mod 4), with ` | ∆, then the image of ` is contained in Φ, since there are at






, and the image of ` cannot be trivial.







, the image of `p is contained in Φ, and is non-trivial. In any
cases, we have
∑
i` + dimF2 Φ ≥ 4.
Now assume that d  −q with a prime q ≡ 3 (mod 4), then d ≡ 1 (mod 4).
In this case the prime 2 is unramified in K. So we have i2  0. Let us consider the
Selmer group Selφd (Ed/Q).
• im δd∞  R×/R×2.






` for any odd prime ` - ∆, ` , q.




` for any odd prime ` | ∆ (including `  p).
• im δdq 














u ∈ Z×q .
































Thus the image of any odd prime ` | ∆ is contained in Φ, and is not trivial since
there are at least 3 odd primes dividing ∆, we have dimF2 Φ ≥ 2, regardless of the
local image im δq above. Therefore
∑
i` + dimF2 Φ ≥ 4.
Assume d  −2q. We have i∞  1 always. Since i2 ≥ 1 and iq ≥ 1, we have∑












Q2  −1, we assume q ≡ 1 or 5 (mod 8). In


























 −1. Now consider the local images of Selφd (Ed/Q) as follows.
• im δd∞  R×/R×2.






` for any odd prime ` - ∆, ` , q.




` for any odd prime ` | ∆ (including `  p).
• im δdq 












for some u ∈ Z×q .










 1 then the image of ` is contained






, the image of `












, the image of `p is contained in Φ and is non-trivial. In any
cases, we have
∑
i` + dimF2 Φ ≥ 4.





` i` ≥ 4. Hence, we must assume the other, i.e., 2 is unramified, which means
that d ≡ 1 (mod 4). Without loss of generality, we then assume q ≡ 1 (mod 4)









 −1. Now consider the local images of Selφd (Ed/Q) as follows.
• im δd∞  R×/R×2.






` for any odd prime ` - ∆, ` , q.




` for any odd prime ` | ∆ (including `  p).
• im δdq 












for some u ∈ Z×q .
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for all odd primes ` | ∆.










 −1 for all such `. In this case the image
of `p in Φ is non-trivial, whence
∑
i` + dimF2 Φ ≥ 4.
So far, we have shown that for any cases of d, we obtain
∑
i` +dimF2 Φ ≥ 4. Thus
by Kramer’s formula, we have 4 | C · (#X(E/K))1/2. 
4.6.3 Exceptional case
This family is parametrised by the following Weierstrass equation:
E : y2 + pz x y − pz y  x3 − x2 ,
where p is an odd prime congruent to 3 modulo 4. We consider the cases when
p2z + 16 is an odd power of a prime, in other words, p2z + 16  qk for some odd
prime q and odd integer k. When k > 1, such Diophantine equation has only integer
solution pz  3, q  5, and k  2, c.f. [CCS], Lemma 5.5. But this case corresponds to
the curve ‘15a3’, having torsion subgroup Z/2Z ⊕ Z/4Z. So we can exclude it from
our consideration, and we may assume k  1, i.e., p2z + 16 is a prime.




 p2z q, which is the minimal discrim-
inant. The conductor of the curve E is pq, and E(Q)tors  Z/4Z.
Let G be the unique subgroup of E(Q)tors of order 2, and let E′ be the curve E/G.
We can find a Weierstrass equation for E′ thanks to Vélu’s formulae (cf. [MMR]).
The Weierstrass equation for E′ is given as follows:
y2 + pz x y − pz y  x3 − x2 − 5x − (p2z + 3),
with discriminant ∆′  p4z (p2z + 16)2. Factoring 2-torsion polynomial, we see that





/4. In particular, the weak Gross–Zagier conjecture is true for E′ (cf.
§4.4 and §4.5). Now the next corollary follows from the isogeny invariance of the
Gross–Zagier conjecture.
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Corollary 4.30 (to Proposition 4.16). The weak Gross–Zagier conjecture is true for the
elliptic curve E in the family and the quadratic field K satisfying Heegner hypothesis.
Proof. Take θ : E′ −→ E be the isogeny dual to E −→ E/G and take modular
parametrisations respecting θ, i.e., we first choose a modular parametrisation π′ of
E′ and let π  θ ◦ π′ be the modular parametrisation for E. By Proposition 4.16 (c),
and by the remark just below the proposition, for a fixed E in the family, the weak
Gross–Zagier conjecture is true except possibly for at most 4 quadratic fields. Since
we only concern 2-divisibility, let us try to figure out the quadratic fields satisfying
2  ord2 E′(Q)tors < ord2 E′(K)tors. If this inequality is satisfied, then E′(K)tors must
contain a point of exact order 4.
The 4-torsion polynomial for E′ (i.e., the polynomial whose roots are the x-
coordinates of the points in E′[4](Q)) is given as follows:
f1(x) f2(x) f3(x)g(x)
where
• f1(x)  2x2 + (p2z + 4)x + (−p2z + 2),
• f2(x)  x2 − 6x − (p2z + 7),
• f3(x)  x2 + 2x + (p2z + 1),
• g(x) 
(
4x + p2z + 4
)
(x + 1) (x − 3).
Evidently, the roots of g(x) correspond to points in E′[2]. Discriminants di of fi (x)
are as follows:










• d3  −4p2z .
Thus if K  Q(
√
d) is a quadratic field, the polynomials fi (x) do not have roots
in K unless K  Q(
√
−1) or K  Q(√q). Note that Q(√q) is a real quadratic field,
which is not in our concern. If K  Q(
√
−1), then we have uK  2. As we already
knew 2 | CE · (#X(E/K))1/2, we have 4 | uK · CE · (#X(E/K))1/2, and the weak
Gross–Zagier conjecture is also true for this case. 
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4.7 E(Q)tors  Z/2Z
Theorem 4.31. If E is an elliptic curve defined over Q, having rational torsion sub-
group E(Q)tors isomorphic to Z/2Z, then the order 2  #E(Q)tors divides uK · C · M ·
(#X(E/K))1/2.
For such elliptic curves,we can find aWeierstrassmodel followingKubert [Kub]:
y2  x3 + Ax2 + Bx , (4.16)
where A, B ∈ Z. Note that A and B are not necessarily relatively prime. This elliptic
curve has discriminant ∆  16B2(A2 − 4B) and c4  16(A2 − 3B). Let N be the
conductor of E, and ∆min be the minimal discriminant of E.
4.7.1 Tamagawa numbers
The purpose of this subsection is to compute Tamagawa numbers of E at various
primes, in order to reduce the cases. Remaining cases will be dealt with in the
subsequent subsections. More precisely, we show the following.
Proposition 4.32. Let E be an elliptic curve defined by the equation (4.16).
(i) If gcd(A, B) , 1, i.e., if there is a common prime dividing both A and B, then 2 | C.
(ii) If B < {1,−1, 16,−16}, then 2 | C.




is even, then 2 | Cp .
Proof. (a) Let p be a prime dividing both A and B. First of all, if both ordp A ≥ 2
and ordp B ≥ 4 are true, then we can make a change of variables via [p , 0, 0, 0]
to get another equation of the same form as equation (4.16) with (A, B) replaced
by (A/p2 , B/p4). Consequently, we assume either ordp A < 2 or ordp B < 4. Using
Tate’s algorithm, we find reduction types for E modulo p as summarised in the
following.
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ordp B ordp A E mod p Cp
1 III 2
2 I∗k for some k even
3
1 I∗k for some k even
≥ 2 III∗ 2
≥ 4 1 (bindingly) I∗k for some k even
(b) Let p be a prime such that p | B but p - A. Using Tate’s algorithm, we have
the following results.
ordp B A mod 4 E mod p Cp
p , 2 In with n  ordp ∆  2 ordp B even
p  2
1 III 2
2 Ik for some k even




4 I0 (good) 1
≥ 5 In with n  ordp ∆  2 ordp B − 8 even
In particular, if B < {1,−1, 16,−16}, we always have 2 | C.




is an even positive integer.
By (a), we assume p - AB. Tate’s algorithm tells us that in this case, E has reduction
of type Iordp (A2−4B) , and we have 2 | Cp . 
Proposition 4.33. Let E be an elliptic curve defined by the equation (4.16).
(i) Suppose that B  1. If A ≡ 0 or 1 (mod 4), then C2  1. If A ≡ 3 (mod 4), then
C2  2. When A ≡ 2 (mod 4), the situation is more complicated, and we summarise
the value C2 modulo 2 according to A (mod 128) as follows.
A mod 128 2 6 10 14 18 22 26 30 34 38 42
C2 mod 2 0 0 1 0 0 0 1 1 0 0 1
A mod 128 46 50 54 58 62 66 70 74 78 82 86
C2 mod 2 0 0 0 1 1 0 0 1 0 0 0
A mod 128 90 94 98 102 106 110 114 118 122 126
C2 mod 2 1 1 0 0 1 0 0 0 1
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IfA ≡ 126 (mod 128), then the parity of C2 is the same as the parity of ord2 (A + 2).
Moreover, E has good reduction modulo 2 if and only if A ≡ 62 (mod 128). In
particular, C2 is odd if and only if A ≡ 0 (mod 4); A ≡ 1 (mod 4); A ≡ 10
(mod 16); A ≡ 62 (mod 128); or A ≡ 126 (mod 128) and ord2 (A + 2) is odd.
(ii) Suppose that B  −1. Then C2 is even if and only if A ≡ 0 (mod 4).
Proof. Tate’s algorithm. 
Remark. By Propositions 4.32 and 4.33, we assume the following throughout this
section; E is an elliptic curve defined by the equation (4.16) for relatively prime
A ∈ Z and B ∈ {1,−1, 16,−16} with discriminant ∆  24B2(A2 − 4B), such that all
odd prime divisors of A2 − 4B has odd exponent. Moreover,
• when B  1, we assume A ≡ 0 (mod 4), A ≡ 1 (mod 4), A ≡ 10 (mod 16),
A ≡ 62 (mod 128), or A ≡ 126 (mod 128) and ord2 (A + 2) is odd;
• when B  −1, we assume A . 0 (mod 4);
• when B  ±16, we assume A ≡ 1 (mod 4).
Remark. We furthermore assume ∆ > 0, by removing finitely many exceptional
cases by explicit computation. As ∆  16B2(A2 − 4B), we need to check the cases
(A, B)  (0, 1), (±1, 1) and (±n , 16) for n  0, 1, · · · , 7. This is easy with Sage
Mathematics Software [SAGE].
4.7.2 (#X(E/K))1/2
In this subsection, we shall see 2 | (#X(E/K))1/2, for various remaining cases left
from considerations about Tamagawa numbers. Our main job is to show
∑
i` +
dimΦ ≥ 4 (notations from subsection 4.3.1). Then,∑
i` + dimΦ ≥ 4 ⇒ dimF2 X(E/K)[2] ≥ 1 ⇒ 2 | (#X(E/K))
1/2 .
The first implication follows from Kramer’s theorem (see subsection 4.3.1), and the
last implication is due to Kolyvagin’s theorem [Kol].
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Proposition 4.34. Suppose that B  1. Then we have
∑
i` + dimF2 Φ ≥ 4, i.e., 2 |
(#X(E/K))1/2, except for ‘17a3’, ‘32a3’, and ‘80a2’, for which 2 | M.
Proof. Our elliptic curve E is given by
y2  x3 + Ax2 + x , (4.17)
where A ≡ 0 (mod 4), A ≡ 1 (mod 4), A ≡ 10 (mod 16), A ≡ 30 (mod 32), or
A ≡ 62 (mod 128); having discriminant ∆  16(A2 − 4). This is minimal except
possibly at 2. E has good reduction modulo 2 if and only if A ≡ 62 (mod 128). The
minimal discriminant of E is given by ∆min 


2−12∆ if A ≡ 62 (mod 64),
∆ otherwise
. Note
that we have assumed ∆min > 0.
We divide the proof into three parts: (i) when E has good reduction modulo 2,






is odd, and (iii) other cases.
Case (i) E has good reduction modulo 2, i.e., A ≡ 62 (mod 128). In this case,
the minimal discriminant of E is given by ∆min  2−8(A2 − 4). In order to clarify the
group Selφ (E/Q), we look at local images as follows.
• im δ∞ 


R×/R×2 if A < 0,
{1} if A > 0.
• im δp  Z×p Q×2p /Q×2p for odd primes p - ∆.
• im δp  Q×p /Q×2p for odd primes p | ∆.





Thus Selφ (E/Q) 


〈−1, p : p | ∆〉 if A < 0
〈p : p | ∆〉 if A > 0
. Considering the factorisation A2−4 
(A − 2)(A + 2), we always choose at least two distinct odd primes dividing A2 − 4,
except for the curve ‘17a3’ (when A  −66), in which case M  2. Excluding this, in
the sequel, we assume A2 − 4 has at least two odd prime divisors.
Let d be a negative, square-free integer. We now compute the sum of local norm
indices
∑
i` . Note that i∞  1. After excluding obvious cases giving
∑
i` ≥ 4, we
have the following four cases:
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• d  −2;
• d  −q for an odd prime q;
• d  −2q for an odd prime q;
• d  −qq′ for odd primes q, q′.
First, let d  −2. Local images of the Selmer group Selφd (Ed/Q) are given as
follows.
• im δd∞ 


R×/R×2 if A > 0,
{1} if A ≤ 0.
• im δdp  Z×p Q×2p /Q×2p , for any odd primes p - ∆.
• im δdp  Q×p /Q×2p , for any odd primes p | ∆.
• im δd2  〈2,−5, c〉, where c  (A
2
− 4)/4.
Write A  62 + 128k for some k ∈ Z. Note that A2 − 4  28(32k + 15)(2k + 1), and
that gcd(32k + 15, 2k + 1)  1.





 (−1,−2)Q2  −1,
so
∑
i`  i∞ + i2  2. In this case c  (A2 − 4)/4  −1 ∈ Q×2 /Q
×2
2 , and




2 . Suppose that there are exactly two odd prime divisors
dividing ∆. Considering Heegner hypothesis, then we must have 32k + 15 
−pa for some prime p ≡ 1 (mod 8) and odd a. Then, as k ≡ 0 (mod 4) and
k < 0, the another odd prime dividing 2k+1 must be congruent to−1 modulo
8, a contradiction to Heegner hypothesis. Hence, there must be at least 3 odd
primes dividing ∆, and if we choose two of them, say, p1 and p2, then their
images in Φ are distinct and non-trivial, i.e.,
∑
i` + dimF2 Φ ≥ 4.





 (5,−2)Q2  −1, so∑
i`  2. In this case c  (A2 − 4)/4  5 ∈ Q×2 /Q
×2







Similar as above, there must be at least 3 odd primes dividing ∆, and we have∑
i` + dimF2 Φ ≥ 4.
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In this case im δd2  {1, 2,−5, 10}. However, by Heegner condition, any odd
prime p dividing ∆ must have p ≡ 1 or −5 (mod 8). We are done because
there must be at least two odd primes dividing ∆.
Suppose that d  −q with q ≡ 1 (mod 4), i.e., d ≡ 3 (mod 4). In this case the
prime 2 is ramified in K. As d ≡ −1 or − 5 (mod 8), it is safe to assume ∆min ≡
−1 or − 5 (mod 8), since otherwise we have
∑




 −1, since otherwise we have iq  2 and thus
∑
i` ≥ 4. We have
∑
i`  3.
Local images for the Selmer group Selφd (Ed/Q) are given as follows.
• im δd∞ 


R×/R×2 if A > 0,
{1} if A ≤ 0.
• im δdp  Z×p Q×2p /Q×2p , for any odd primes p - ∆q.
• im δdp  Q×p /Q×2p , for any odd primes p | ∆q.







As the image of an odd prime p | ∆ in Φ is non-trivial, we have
∑
i` + dimF2 Φ ≥ 4.
Suppose that q ≡ 3 (mod 4), i.e., d  −q ≡ 1 (mod 4). In this case the prime
2 in Q is unramified in K. We have i∞  1 and i2  0. Local images for the Selmer
group Selφd (Ed/Q) are given as follows.
• im δd∞ 


R×/R×2 if A > 0,
{1} if A ≤ 0.
• im δdp  Z×p Q×2p /Q×2p , for any odd primes p - ∆q.
• im δdp  Q×p /Q×2p , for any odd primes p | ∆.
• im δdq 







 1, for some u ∈ Z×q ,
Q×q /Q×2q otherwise.
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 1, i.e., iq  2. We must have dimF2 Φ ≥ 1 by considering
the image of one of such odd p | ∆ in Φ, whence
∑
i` + dimF2 Φ ≥ 4.






 −1, since otherwise we have
∑
i` ≥ 4. Write c  A2 − 4. For
the Selmer group Selφd (Ed/Q), we look at the local images.
• im δd∞ 


R×/R×2 if A > 0,
{1} if A ≤ 0.
• im δdp  Z×p Q×2p /Q×2p , for any odd primes p - ∆q.
• im δdp  Q×p /Q×2p , for any odd primes p | ∆.
• im δdq 


{1, qu} if q | A and q ≡ 1 (mod 4), for some u ∈ Z×q ,
Q×q /Q×2q otherwise.
• im δd2 


〈2,−5, c〉 when q ≡ 1 (mod 8),
〈−1, 2, c〉 when q ≡ −1 (mod 8),
〈−2,−5, c〉 when q ≡ 5 (mod 8),
〈−1, 10, c〉 when q ≡ −5 (mod 8).
Nowwe are going to do some case-by-case study. First, we know c  A2−4 is exactly
divisible by 28, we let c′  2−8c  ∆min.
(i) Suppose that q ≡ 1 (mod 8). Then d  −2 in Q×2 /Q
×2
2 .
(i) If c′ ≡ 1 (mod 8), then (d ,∆min)Q2  1, and thus i2  2, i.e.,
∑
i`  4.
(ii) If c′ ≡ −1 (mod 8), then (d ,∆min)Q2  −1, and thus i2  1, i.e.,
∑
i`  3.





(iii) If c′ ≡ 5 (mod 8), then (d ,∆min)Q2  −1, and thus i2  1, i.e.,
∑
i`  3.
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(iv) If c′ ≡ −5 (mod 8), then (d ,∆min)Q2  1, and thus i2  2, i.e.,
∑
i`  4.
(ii) Suppose that q ≡ −1 (mod 8). Then d  2 in Q×2 /Q
×2
2 .
(i) If c′ ≡ 1 (mod 8), then (d ,∆min)Q2  1, and thus i2  2, i.e.,
∑
i`  4.
(ii) If c′ ≡ −1 (mod 8), then (d ,∆min)Q2  1, and thus i2  2, i.e.,
∑
i`  4.
(iii) If c′ ≡ 5 (mod 8), then (d ,∆min)Q2  −1, and thus i2  1, i.e.,
∑
i`  3.





(iv) If c′ ≡ −5 (mod 8), then (d ,∆min)Q2  −1, and thus i2  1, i.e.,
∑
i`  3.





(iii) Suppose that q ≡ 5 (mod 8). Then d  −10 in Q×2 /Q
×2
2 .
(i) If c′ ≡ 1 (mod 8), then (d ,∆min)Q2  1, and thus i2  2, i.e.,
∑
i`  4.
(ii) If c′ ≡ −1 (mod 8), then (d ,∆min)Q2  −1, and thus i2  1, i.e.,
∑
i`  3.





(iii) If c′ ≡ 5 (mod 8), then (d ,∆min)Q2  −1, and thus i2  1, i.e.,
∑
i`  3.





(iv) If c′ ≡ −5 (mod 8), then (d ,∆min)Q2  1, and thus i2  2, i.e.,
∑
i`  4.
(iv) Suppose that q ≡ −5 (mod 8). Then d  10 in Q×2 /Q
×2
2 .
(i) If c′ ≡ 1 (mod 8), then (d ,∆min)Q2  1, and thus i2  2, i.e.,
∑
i`  4.
(ii) If c′ ≡ −1 (mod 8), then (d ,∆min)Q2  1, and thus i2  2, i.e.,
∑
i`  4.
(iii) If c′ ≡ 5 (mod 8), then (d ,∆min)Q2  −1, and thus i2  1, i.e.,
∑
i`  3.





(iv) If c′ ≡ −5 (mod 8), then (d ,∆min)Q2  −1, and thus i2  1, i.e.,
∑
i`  3.





Having these discussions, we can conclude that we have either
∑
i`  4 or im δd2 
Q×2 /Q
×2
2 . Thus, we have
∑
i` + dimF2 Φ ≥ 4.
Suppose that d  −qq′ for some distinct odd primes q and q′. If the prime 2 is
ramified in K  Q(
√
d) then we have
∑
i` ≥ 4. So we can assume d ≡ 1 (mod 4),
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 1, then we have
∑
i` ≥ 4 again, and thus










 −1. Note also that qq′ ≡ −1
or −5 (mod 8). The local images for the Selmer group Selφd (Ed/Q) are given as
follows.
• im δd∞ 


R×/R×2 if A > 0,
{1} if A ≤ 0.
• im δdp  Z×p Q×2p /Q×2p , for any odd primes p - ∆qq′.
• im δdp  Q×p /Q×2p , for any odd primes p | ∆q′.
• im δdq 


{1, qu} if q | A, for some u ∈ Z×q ,
Q×q /Q×2q otherwise.





























 −1, if there are exactly two odd primes dividing ∆, then





 1. Then the image of p in






for all odd prime p | ∆, then we may choose two such primes pp′ and consider the
image of pp′ in Φ. In any case we have
∑
i` + dimF2 Φ ≥ 4.






is odd. In this case
the minimal discriminant of E/Q is ∆min  2−8(A2 − 4). In particular, E has bad
reduction modulo 2. If we write A  126 + 128k for some k ∈ Z, then ∆min 






is odd” can be translated
into “ord2(k+1) being even”. There must be at least one odd prime dividing∆ since
otherwise we have ∆  0.
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By the Heegner condition, we must have either d  −q with q ≡ −1 (mod 8)
or d  −qq′ with q ≡ 1 (mod 4) and q′ ≡ 3 (mod 4), also, in any case we must
have d ≡ 1 (mod 8). We now compute the Selmer group Selφ (E/Q). From [Got],
the local images are given as follows.
• im δ∞ 


R×/R×2 if A < 0,
{1} if A ≥ 0.
.
• im δp  Z×p Q×2p /Q×2p for odd primes p - ∆.
• im δp  Q×p /Q×2p for odd primes p | ∆.
• im δ2  Q×2 /Q
×2
2 .
Now suppose that d  −q with q ≡ −1 (mod 8). For Selφd (Ed/Q), we have the
following local images.
• im δd∞ 


R×/R×2 if A > 0,
{1} if A ≤ 0.
• im δdp  Z×p Q×2p /Q×2p , for any odd primes p - ∆q.
• im δdp  Q×p /Q×2p , for any odd primes p | ∆.
• im δdq 







 1, for some u ∈ Z×q ,
Q×q /Q×2q otherwise.





Let p be an odd prime dividing ∆. By Heegner condition, the primes 2 and p must





















 1, the image of the
prime 2 is contained in Φ and is non-trivial, we have
∑
i` + dimF2 Φ ≥ 4.
Suppose that d  −qq′ with q ≡ 1 (mod 4) and q′ ≡ 3 (mod 4). More precisely,
considering Heegner hypothesis, we have d ≡ 1 (mod 8), and thus either (q , q′) ≡
114 CHAPTER 4. GROSS–ZAGIER CONJECTURE













i`  3. For the Selmer group Selφd (Ed/Q), we have the following local
images.
• im δd∞ 


R×/R×2 if A > 0,
{1} if A ≤ 0.
• im δdp  Z×p Q×2p /Q×2p , for any odd primes p - ∆qq′.
• im δdp  Q×p /Q×2p , for any odd primes p | ∆q′.
• im δdq 


{1, qu} if q | A, for some u ∈ Z×q ,
Q×q /Q×2q otherwise.




















 −1, p is a quadratic residue modulo q, and thus the image of p is
contained in Φ and is non-trivial. If there are at least 2 odd primes dividing ∆, then
there always is a prime p | ∆ such that either p or 2p is a quadratic residue modulo
q. In any cases, we always have
∑
i` + dimF2 Φ ≥ 4.
Case (iii) the remaining cases. As noted above, the remaining cases are again
subdivided into the following cases:
• A ≡ 0 (mod 4),
• A ≡ 1 (mod 4), or
• A ≡ 10, 26, 30, 42, 58 (mod 64).
Theminimal discriminant ofE/Q is given by∆min  24(A2−4). In this case the prime
2 is always bad. So by the Heegner condition, d must be congruent to 1 modulo
4.7. E(Q)TORS  Z/2Z 115
8. This implies that i2  0. As we noted i∞  1, we must have either d  −q with
q ≡ −1 (mod 8) or d  −qq′ with q ≡ 1 (mod 4) and q′ ≡ 3 (mod 4). Note also
that by considering factorisations of A2 − 4 for the various cases, we can conclude
that there is at least one odd prime dividing ∆, except for A  −6. However, when
A  −6, the curve E is ‘32a3’, having M  2, so we can safely exclude this curve.
Moreover, if A ≡ 1 (mod 4) and if there is only one odd prime dividing ∆, then
under the condition ∆ > 0, A must be −3 or ±4. These correspond to the single
curve ‘80a2’, having M  2. So whenever we deal with the case A ≡ 1 (mod 4), we
further assume that there are at least two odd primes dividing ∆.
We now compute the Selmer group Selφ (E/Q). From [Got], note the following
local images.
• im δ∞ 


R×/R×2 if A < 0,
{1} if A ≥ 0.
.
• im δp  Z×p Q×2p /Q×2p for odd primes p - ∆.
• im δp  Q×p /Q×2p for odd primes p | ∆.







2 if A ≡ 1 (mod 4),
Q×2 /Q
×2
2 if A is even.
Suppose first that d  −q with q ≡ −1 (mod 8). For Selφd (Ed/Q), we have the
following local images.
• im δd∞ 


R×/R×2 if A > 0,
{1} if A ≤ 0.
• im δdp  Z×p Q×2p /Q×2p , for any odd primes p - ∆q.
• im δdp  Q×p /Q×2p , for any odd primes p | ∆.
• im δdq 







 1, for some u ∈ Z×q ,
Q×q /Q×2q otherwise.
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2 if A ≡ 1 (mod 4),
Q×2 /Q
×2
2 if A is even.
.
















 1, and iq  2, i.e.,
∑
i`  3.When A ≡ 1 (mod 4),
then the image of any odd prime p | ∆ is contained in Φ and is non-trivial. On the
other hand when A is even, the image of 2 is contained inΦ and is non-trivial, since
2 is a quadratic residue modulo q. Thus
∑
i` + dimF2 Φ ≥ 4 in any cases.
Suppose that d  −qq′ with q ≡ 1 (mod 4) and q′ ≡ 3 (mod 4). More precisely,
considering Heegner hypothesis, we have d ≡ 1 (mod 8), and thus either (q , q′) ≡













i`  3. For the Selmer group Selφd (Ed/Q),
we have the following local images.
• im δd∞ 


R×/R×2 if A > 0,
{1} if A ≤ 0.
• im δdp  Z×p Q×2p /Q×2p , for any odd primes p - ∆qq′.
• im δdp  Q×p /Q×2p , for any odd primes p | ∆q′.
• im δdq 


{1, qu} if q | A, for some u ∈ Z×q ,
Q×q /Q×2q otherwise.







2 if A ≡ 1 (mod 4),
Q×2 /Q
×2
2 if A is even.





 −1, we can choose a represen-
tative x ∈ Z which is either an odd prime dividing ∆ or a product of two primes
dividing ∆, such that x is a quadratic residue modulo q. If A ≡ 0 (mod 4), then
we can find two distinct odd primes dividing ∆ except for the cases A  ±4. If
A , ±4, then we choose x to be either 2 or 2p with an odd prime p | ∆ such
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 −1. If A  ±4, then we do not have q | A. This means that we do not
need to consider whether x is a quadratic residue or not. In this case just take x  2.
If A is one of remaining cases, we take x to be a prime p | ∆, such that p is a quadratic
residue modulo q. This is always possible since A2 − 4 is a quadratic non-residue
modulo q. Now, in any cases, the image of x is contained in Φ and is non-trivial.
Thus
∑
i` + dimF2 Φ ≥ 4. 
Proposition 4.35. Suppose that B  −1. By the considerations of the subsection above, we
assume
• A ≡ 0 (mod 4), and
• if ` is an odd prime dividing A2 − 4B  A2 + 4, then it has odd exponent.
Then we have
∑
i` + dimF2 Φ ≥ 4, i.e., 2 | (#X(E/K))
1/2, except for
• ‘128b2’ and ‘128d2’, for which 2 | M;
• a family of curves for which A2 + 4 is a power of a prime number.
Remark. The exceptional family will be dealt with in the next subsection 4.7.3.
Proof. Our elliptic curve E is given by
y2  x3 + Ax2 − x , (4.18)
such that A ≡ 1, 2, 3 (mod 4). In any cases, the minimal discriminant of the curve
becomes ∆min  ∆  24(A2 + 4). In particular, the prime 2 is always a bad one. Since
2 must split comletely in K, we must have d ≡ 1 (mod 8). Since iq ≥ 1 for each
prime divisor q of d, we may assume that there are at most 2 prime divisors in d, as
i∞  1 always. Glueing this with the fact that d ≡ 1 (mod 8), we have either d  −q
for an odd prime q such that q ≡ −1 (mod 8) or d  −qq′, for distinct odd primes
q and q′ such that q ≡ 1 (mod 4) and q′ ≡ 3 (mod 4) with either (q , q′) ≡ (1,−1)
(mod 8) or (q , q′) ≡ (5,−5) (mod 8).




, then by the “sum of two
squares” theorem, we must have ` ≡ 1 (mod 4), i.e., ` ≡ 1 or 5 (mod 8).
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Now we compute the group Selφ (E/Q). Note the following local images. Defi-
nitions for δ` are the same as in §4.6.
• im δ∞  {1}.
• im δp  ZpQ×2p /Q×2p , for odd primes p - ∆.
• im δp  Q×p /Q×2p for odd primes p | ∆.
• im δ2 


{1, 5} if A ≡ 1, 3 (mod 4),
{1, 2, 5, 10} if A ≡ 2 (mod 4).






















 1 for any odd prime p | (A2 + 4). If A ≡ 1, 3 (mod 4), then A2 + 4











running over all primes p | (A2 + 4). Secondly, suppose that A ≡ 2 (mod 4). This
means that there is an integer k such that A  2+4k, whence A2+4  16k2+16k+8 






















 1, i.e., iq  2, whence∑
i`  3.
Now consider the Selmer group Selφd (Ed/Q). The local images are given as
follows.
• im δd∞  {1}.
• im δdp  ZpQ×2p /Q×2p , for odd primes p - ∆q.
• im δdp  Q×p /Q×2p for odd primes p | ∆.
• im δdq  {1}.
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• im δd2 


{1, 5} if A ≡ 1, 3 (mod 4),
{1, 2, 5, 10} if A ≡ 2 (mod 4).
If A ≡ 2 (mod 4) then ord2(A2 + 4)  3. As 2 is a quadratic residue modulo q, and
since A2 +4 must have at least one odd prime except for the cases A  ±2, the image
of 2 gives a nontrivial element in Φ. When A  ±2, the curve is equal to ‘128b2’ or
‘128d2’. In these cases M  2. If A ≡ 1 or 3 (mod 4) and if there are at least two
prime divisors of A2 + 4, then we can also find a nontrivial element in Φ. If A2 + 4
is a power of a prime, then this will be dealt as exceptional cases. See 4.7.3.
Suppose that d  −qq′ with q ≡ 1 (mod 4) and q′ ≡ 3 (mod 4). First note that










 −1, since otherwise we have∑










contradiction. Now we impose the Heegner hypothesis. At first, since the prime 2
must split completely in K, so thus d ≡ 1 (mod 8), and we have (q , q′) ≡ (1,−1) or
≡ (5,−5) (mod 8). For odd primes p dividing ∆, we must have p ≡ 1 (mod 4) by




















Local images for the Selmer group Selφd (Ed/Q) are given as follows:
• im δd∞  {1};
• im δdp  Z×p Q×2p /Q×2p , for odd primes p - ∆q (including p  q′);
• im δdp  Q×p /Q×2p , for odd primes p | ∆q;
• im δd2 


{1, 5} when A ≡ 1, 3 (mod 4),
{1, 2, 5, 10} when A ≡ 2 (mod 4).
Similar as above, if A ≡ 2 (mod 4), then the image of 2 inΦ is a non-trivial element,
so that dimF2 Φ ≥ 1. Now assume A is odd. If A2 + 4 have at least two distinct odd
prime divisor, then the image of either one of them gives a non-trivial element in
Φ. If A2 + 4 is a power of a prime, then this will be dealt as exceptional cases. See
4.7.3. 
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Proposition 4.36. Suppose that B  16. Then we have
∑
i` + dimF2 Φ ≥ 4, i.e., 2 |
(#X(E/K))1/2, except for ‘17a4’, for which 2 | M.
Proof. Our elliptic curve E is given by
y2  x3 + Ax2 + 16x , (4.19)




, whereas the mini-
mal discriminant of the curve is given by ∆min  2−1224(24)2(A2 − 4 · 24)  A2 − 26 
(A + 23)(A − 23). In particular, note that the prime 2 is always a good prime for E.
We have assumed that ∆min  A2 − 64 > 0, for the other finitely many cases can be
dealt by computing explicitly.
Note that there are at least two odd primes dividing A2−64, except for the curve
‘17a4’, which hasManin constant 4. This can be seen by considering the factorisation
of A2 − 64. So from now on, we assume that there are always at least two distinct
odd primes dividing A2 − 64.
Now we are going to compute local norm indices. It is clear that i∞  1. Having
the above proposition, when the prime 2 is ramified in K, we have i2  1 or 2
according to (∆min , d)Q2  1 or −1. Thus we may assume either one of the following
cases:
• d  −2;
• d  −q, for an odd prime q;
• d  −2q, for an odd prime q;
• d  −qq′, for odd primes q and q′.
The local images for Selφ (E/Q) are given as follows:
• im δ∞ 


R×/R×2 if A < 0,
{1} if A ≥ 0;
• im δp  Q×p /Q×2p for odd primes p | ∆;
• im δp  Z×p Q×2p /Q×2p for odd primes p - ∆;
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• im δ2  {1, 5}.






1 because A2 − 64 ≡ 1 (mod 8), we have i2  2. By Heegner hypothesis, each odd





, and thus either p ≡ 1 (mod 8) or
p ≡ −5 (mod 8). Such p must divide either A − 8 or A + 8, and these two are
congruent to 1 or 5 modulo 8, there must be even number of odd primes (counting
multiplicity) congruent to −5 modulo 8 dividing A ± 8. Local images of the Selmer
group Selφd (Ed/Q) are given as follows.
• im δd∞ 


R×/R×2 if A > 0,
{1} if A ≤ 0.
• im δdp  Z×p Q×2p /Q×2p , for any odd primes p - ∆.
• im δdp  Q×p /Q×2p , for any odd primes p | ∆.
• im δd2  {1,−2u}, for some u ≡ 1 (mod 4).
By the above consideration, we are always able to find a non-trivial element in Φ.
Assume either d  −q ≡ 3 (mod 4) or d  −2q for an odd prime q. Then the
prime 2 is ramified in K, and i2  2. Notice that we always have iq ≥ 1, whence∑
i` ≥ 4.
Now assume d  −q ≡ 1 (mod 4), so the prime 2 is unramified in K, whence










































 1. This means that iq  2. The local
images for Selφd (Ed/Q) are given as follows:
• im δd∞ 


R×/R×2 if A > 0,
{1} if A ≤ 0;
• im δdp  Z×p Q×2p /Q×2p for odd primes p - ∆q;
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• im δdp  Q×p /Q×2p for odd primes p | ∆;
• im δdq 


{1, qu} for some u ∈ Z×q , if q - A,
Q×q /Q×2q if q | A;
• im δd2  {1, 5}.
So the image of A − 8 for example is non-trivial in Φ.
Finally, suppose that d  −qq′ for distinct odd primes q and q′. If the prime
2 is ramified in K  Q(
√
d) then we have
∑
i` ≥ 4. So we can assume d ≡ 1
(mod 4). Without loss of generality, we may assume q ≡ 1 (mod 4) and q′ ≡ 3






























































 1. For the Selmer group Selφd (Ed/Q), we have the
following:
• im δd∞ 


R×/R×2 if A > 0,
{1} if A ≤ 0;
• im δdp  Z×p Q×2p /Q×2p for odd primes p - ∆qq′;
• im δdp  Q×p /Q×2p , for odd primes p | ∆;
• im δdq 


{1, qu} for some u ∈ Z×q , if q | A,
Q×q /Q×2q if q - A;







q′ if q | A,
Q×q′/Q
×2
q′ if q - A;
• im δd2  {1, 5}.









 −1, the image of either A − 8 or A + 8 contained in Φ is
non-trivial. 
Proposition 4.37. Suppose that B  −16. By the considerations of the subsection above,
we assume
• A ≡ 1 (mod 4), and
• if ` is an odd prime dividing A2 − 4B  A2 + 64, then it has odd exponent.
Then we have
∑
i` + dimF2 Φ ≥ 4, i.e., 2 | (#X(E/K))
1/2, except for
• A  15, in this case the curve is ‘272b2’ having C2  2;
• the family characterised by the condition that A2 + 64 is a prime, having M  2 for
any curve in this family.
Proof. Our elliptic curve E is given by
y2  x3 + Ax2 − 16x , (4.20)





whereas the minimal discriminant of the curve is given by ∆min  2−1224(24)2(A2 +
4 · 24)  A2 + 26. We have assumed moreover that ∆min > 0. Note that the prime 2 is
always a good prime for E. Note that by the sum of two squares theorem, there are
no odd prime divisors of A2 + 64 congruent to 3 modulo 4.
By Lemma 5.5 of Cao–Chu–Shiu [CCS], if we have A2+64  pk for some k ∈ Z≥1,
then k  1 unless A  15, p  17, and e  2. This corresponds to the curve ‘272b2’,
having C2  4. This allows us to assume that either A2+64 is a prime or it has at least
two distinct prime divisors. Suppose first that A2 + 64 is a prime. Then the curves
are called Neumann–Setzer curves, and in [StWa04], Stein andWatkins proved that
the Manin constant M  2. From now on, we assume there are at least two distinct
odd prime divisors of A2 + 64.
Now we consider local norm indices. Clearly, i∞  1. When the prime 2 is
ramified in K, then i2  2, since A2 + 64 ≡ 1 (mod 8). So we do not need to consider
those cases when 2 is ramified, unless d  −2. We only consider the following cases
for d:
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• d  −2;
• d  −q ≡ 1 (mod 4), for an odd prime q;
• d  −qq′ ≡ 1 (mod 4), for odd primes q and q′.
The local images for Selφ (E/Q) are given as follows:
• im δ∞  {1};
• im δp  Q×p /Q×2p for odd primes p | ∆;
• im δp  Z×p Q×2p /Q×2p for odd primes p - ∆;
• im δ2  {1, 5}.
Now assume d  −2. As already noted, i2  2 in this case. By Heegner hypoth-





, and thus p ≡ 1
(mod 8). Local images of the Selmer group Selφd (Ed/Q) are given as follows.
• im δd∞  {1}.
• im δdp  Z×p Q×2p /Q×2p , for any odd primes p - ∆.
• im δdp  Q×p /Q×2p , for any odd primes p | ∆.
• im δd2  {1}.
Thus the image of any prime dividing ∆ in Φ is non-trivial.
Let d  −q ≡ 1 (mod 4). The prime 2 is unramified in K, whence i2  0. Let p be











































 1. This means that iq  2. The local images for
Selφd (Ed/Q) are given as follows:
• im δd∞  {1};
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• im δdp  Z×p Q×2p /Q×2p for odd primes p - ∆q.
• im δdp  Q×p /Q×2p for odd primes p | ∆;
• im δdq  {1};






 1 for any odd prime p | ∆, its image in Φmust be non-trivial.
Finally, assume d  −qq′ ≡ 1 (mod 4), for odd primes q and q′. If the prime 2
is ramified in K  Q(
√
d) then we have
∑
i` ≥ 4. So we can assume d ≡ 1 (mod 4),
which means, the modulo 4 residues of q and q′must be different. Thus we assume




















1, a contradiction. So we can also assume q - A. For the Selmer group Selφd (Ed/Q),
we have the following:
• im δd∞  {1};
• im δdp  Z×p Q×2p /Q×2p for odd primes p | ∆q (including p  q′);
• im δdp  Q×p /Q×2p for odd primes p | ∆q;
• im δd2  {1, 5}.
Again, the image of a prime dividing ∆ in Φ is non-trivial. This concludes the
proof. 
4.7.3 Exceptional case
In this case we deal with the cases where A2 + 4 is a power of an odd prime. By
Lemma 5.4 of Cao–Chu–Shiu [CCS], then A2 + 4 is a prime unless either A  2 or
A  11. For those two non-prime cases, the corresponding curves are ‘128d2’ and
‘80b4’, and both of them have Manin constant 2. Excluding these cases, we assume
A2 + 4 is a prime.
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This family is parametrised by the following Weierstrass equation: y2  x3 +
Ax2 − x, where A is an integer not divisible by 4, and A2 + 4  p is an odd prime.
It has discriminant ∆  16(A2 + 4)  16p, which is the minimal discriminant. The
conductor of the curve E is 4p and E(Q)tors  Z/2Z.
Let G  E(Q)tors  Z/2Z, and consider the curve E′ : E/G. By Vélu’s formula,
we can find a Weierstrass equation for E′. This is given as follows:
y2  x3 + Ax2 + 4x + 4A
with discriminant ∆′  −28(A2 + 4)2  −28p2. As the 2-torsion polynomial for E′ is
given by
4(x2 + 4)(x + A),
wemust have a rational 2-torsion pointP  (−A, 0) ∈ E′(Q), i.e.,Z/2Z ⊆ E′(Q)tors. If
E′(Q)tors ) Z/2Z, the weak Gross–Zagier conjecture is proved in the above sections.
So we assume E′(Q)  Z/2Z. Making a change of variables x 7→ x′  x + A, we get
another Weierstrass equation
y2  x3 − 2Ax2 + (A2 + 4)x.
By Tate’s algorithm, we know that Cp  2. Thus the weak Gross–Zagier conjecture
is true for E′ unconditionally.
Now we consider E′(K)tors for quadratic field K satisfying Heegner hypothesis.
If ord2 E′(K)tors > ord2 E′(Q)tors, then E′(K) must contain either Z/2Z ⊕ Z/2Z or
Z/4Z. For the first case, the 2-torsion polynomial of E′ must split into linear factors
in K. As the polynomial is 4(x2 + 4)(x +A), this happens if and only if K  Q(
√
−1).
But in this case uK  2, and the weak conjecture is also true for E.
Now suppose that E(K)tors ≥ Z/4Z. By Lemma 13 in [GJTo], we must have
A2 + 4  s2 for some s ∈ Q. But since A2 + 4  p is a prime, we cannot have this
case. Therefore, we have the following corollary to Proposition 4.16.
Corollary 4.38. The weak Gross–Zagier conjecture is true for E in this family and for any
quadratic field K satisfying Heegner hypothesis.
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국문초록
이논문의목표는다음두가지타원곡선의수론에관련된추측을증명하는것이다.
하나는 5-동종함수(同種函數, isogeny)에 대한 스타인–왓킨스 추측이고, 다른 하나는
그로스–자기에추측이다.
본질적으로 스타인–왓킨스 추측은 주어진 타원 곡선의 유리 동종함수류(同種函數
類, isogeny class)에 소속된 두 가지 종류의 최적타원곡선(optimal elliptic curve)들
사이의 관계를 다루는 것이다. 이 논문에서는 이러한 두 가지 최적타원곡선이 실제로
동형이 아니게 되어 5-동종함수로 달라지게 되는 경우는 동종함수류가 ‘11a’라 불리는
특별한경우일때뿐이라는것을보인다.
그로스–자기에 추측은 유명한 버츠–스위너튼-다이어 추측으로부터 유래하였다. 버
츠–스위너튼-다이어 추측에 그로스와 자기에의 결과를 합성하여 만들어진 이 추측은
증명될경우버츠–스위너튼-다이어의강한형태에대한이론적인증거를주게된다.타원
곡선이 특정한 형태의 유리 꼬임 부분군(rational torsion subgroup)을 가질 때, 이 논
문에서는이그로스–자기에추측의증명을다룬다.즉,꼬임부분군의위수가본래타원
곡선이지니고있는적당한수론적불변량을나눈다는것을보인다.
주요어휘: 타원 곡선, 버츠와 스위너튼-다이어 추측, 그로스–자기에 정리, 타원 곡선의
동종함수
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